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Anosov map are assumed to be fixed, and the trajectories are slowed down so the
differential is the identity at these points. Using Young towers, we prove existence and
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1. Introduction
In [4], W. Thurston classified linear automomorphisms of the torus into three classes,
according to the eigenvalues of the automorphism A € SL(2,Z):

* Diagonalizable automorphisms with eigenvalues of modulus 1 (rotations);
* Nondiagonalizable automorphisms (Dehn twists);
* Automorphisms with eigenvalues of modulus # 1 (Anosov diffeomorphisms).

In this same work, Thurston went on to classify homeomorphisms of any surface up to
isotopy class. The principle was quite similar, and is now known as the Nielson-Thurston
classification of elements of mapping class groups. This is summarized in the following
theorem:
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THEOREM. Let M be a compact orientable surface, and let f : M — M be a homeomor-
phism. Then f is isotopic to a homeomorphism F satisfying exactly one of the following
three conditions:

* Fis a rotation: There is an integer n for which F™ = 1d.
* Fis reducible: There is a closed curve in M which F leaves invariant.
* F is pseudo-Anosov.

Of these three isotopy classes, from a dynamical systems perspective, the pseudo-
Anosov maps are the most interesting. The most familiar example of a pseudo-Anosov
map is the Arnold “cat map” of the two-dimensional torus T2, which is in fact an Anosov
diffeomorphism. No other surface admits an Anosov diffeomorphism, but pseudo-Anosov
homeomorphisms of surfaces besides T2 form an analogy of Anosov maps to other sur-
faces. Like their Anosov cousins, pseudo-Anosov maps admit a pair of transverse foliations
of the state space, and the map uniformly contracts points along the leaves of one foliation
and uniformly dilates points along the leaves of the other. In the traditional definition of a
pseudo-Anosov homeomorphism (see Section 2), the contraction and dilation factors are
constant and inverses of each other, similarly to a hyperbolic toral automorphism such as the
cat map. (Accordingly, these maps are often referred to as “linear pseudo-Anosov maps”,
e.g. [9].) The primary difference between Anosov and pseudo-Anosov maps is the presence
of finitely many singularities in the foliations. These are points where three or more leaves
of one of the foliations meet at a single point. These leaves are known as “prongs” of the
singularity. The constant rate of contraction and expansion along the transverse foliations
mean the map is globally smooth except at the singularities. Pseudo-Anosov homeomor-
phisms have found their way into almost every field of geometry, such as Teichmiiller theory
and algebraic geometry. However, the ergodic properties of globally smooth realizations of
pseudo-Anosov maps remains a relatively undeveloped area of study.

In [8], M. Gerber and A. Katok produced a C* realization of pseudo-Anosov homeo-
morphisms by slowing down the trajectories near the isolated singularities. The result is a
surface diffeomorphism that is uniformly hyperbolic away from a finite set of fixed-point
singularities, but whose differential slows down to the identity at these fixed points, thus
admitting Lyapunov exponents of zero. These smooth pseudo-Anosov models also admit
continuous foliations whose leaves are smooth except at the fixed singular points. Pseudo-
Anosov diffeomorphisms constructed in this way are analogues of the one-dimensional
Manneville-Pomeau map of the unit interval to compact surfaces of arbitrary genus (see
[12]), in that they admit finitely many fixed-point singularities where the differential
slows down to the identity, but the map exhibits uniform hyperbolicity away from these
singularities.

To discuss the ergodic properties of these pseudo-Anosov diffeomorphisms, we use
techniques and results from thermodynamic formalism. Thermodynamic formalism has
been used to study ergodic and geometric properties of several classes of nonuniformly
hyperbolic and nonuniformly expanding maps. One objective of thermodynamic formalism
is to determine the existence and uniqueness of probability measures known as Sinai-
Ruelle-Bowen (SRB) measures. These are invariant measures that admit positive Lyapunov
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exponents almost everywhere, and have absolutely continuous conditional measures on
unstable submanifolds (see Section 4). They are also known as “physical measures”, in the
sense that the set of points x € M for which we have

1 n—1
lim —Zgo(f"(x)) = f(pd,u for any ¢ € CO(M)

has positive measure. More generally, one also may consider equilibrium measures for
a given potential ¢ € C°(M). Equilibrium measures are mathematical generalizations of
Gibbs distrubtions in statistical physics, which minimize the Helmholtz free energy of
a physical system. Within thermodynamic formalism, Helmholtz free energy is replaced
with the topological pressure Py (¢) = sup {hﬂ )+ f wdu: ue Mf}, where hy, (f) is the
metric entropy of f with respect to u, and My is the space of f-invariant Borel proba-
bility measures on the manifold M. Equilibrium measures, in other words, are invariant
probability measures that maximize the sum of the metric entropy of f and the space
average of ¢ with respect to . The most important two equilibrium measures are SRB
measures (for which the potential is the negative log of the unstable Jacobian, or ¢;(x) =
—logdet|D fx|gu(x)|), and measures of maximal entropy (for which the potential is ¢g = 0).

One of the earliest applications of thermodynamic formalism was in studying the
ergodic theory of uniformly hyperbolic and Axiom A diffeomorphisms (e.g. [3]). Since
then, the theory of thermodynamic formalism has proven useful in other contexts. For
example, the one-dimensional Manneville-Pomeau maps f : [0,1] — [0,1], defined by
f(x)=x(1+ax®) mod 1 for a >0, @ > 0, have been extensively studied as classic exam-
ples of one-dimensional nonuniformly expanding maps (see, e.g., [16], as well as [20] for
some recent work on the infinite ergodic theory of Manneville-Pomeau maps). Addition-
ally, in [6], V. Climenhaga, Y. Pesin, and A. Zelerowicz proved existence of equilibrium
measures for a broad class of potential functions in the partially hyperbolic setting. These
equilibrium measures include, in particular, a unique measure of maximal entropy and a
unique SRB measure. Finally, in [2], J. Buzzi, S. Crovisier, and O. Sarig showed that any
surface diffeomorphism admits at most finitely many ergodic measures of maximal entropy,
and that there is a unique such measure in the topologically transitive case. Our results are
a special instance of this setting, and develop further statistical and ergodic properties of
the measure of maximal entropy and other equilibrium states.

In this paper, we effect a thermodynamic formalism for these pseudo-Anosov diffeomor-
phisms. Specifically, given a pseudo-Anosov diffeomorphism g of a compact surface M,
we consider the family of geometric z-potentials ¢, (x) = —tlog|Dglg« x)| parametrized by
t € R, where E*(x) is the stable subspace at the point x € M. Our main result, Theorem 4.1,
claims that there is a number #( < 0 such that for every ¢ € (¢, 1), there is a unique equilib-
rium measure u; for ¢, that is Bernoulli, has exponential decay of correlations, and satisfies
the Central Limit Theorem with respect to a class of functions containing all Holder contin-
uous functions on M. We also show that the pressure function 7 = P, (¢;) is real analytic in
the open interval (#p, 1). Since the pseudo-Anosov diffeomorphism g is topologically con-
jugate to a pseudo-Anosov homeomorphism f, their topological entropies agree, and since
f has a unique measure of maximal entropy, so does g. We denote this measure p, for the
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potential ¢9 = 0. As a corollary to Theorem 4.1, we obtain a thorough description of the
statistical properties of . Furthermore, we prove that the map g has a unique SRB mea-
sure, and we describe its ergodic properties. We emphasize that a phase transition occurs
att = 1: in addition to the SRB measure, there is a family of ergodic equilibrium measures
for ¢ composed of convex combinations of Dirac measures at the singularities.

The techniques we employ to establish our results are similar to those used by Y. Pesin,
S. Senti, and K. Zhang in [14] to effect thermodynamic formalism of the Katok map. The
latter is an area preserving diffeomorphism of the torus with non-zero Lyapunov exponents.
Similarly to the smooth pseudo-Anosov models, the Katok map is obtained by slowing
down trajectories near the origin to produce an indifferent fixed point (i.e. a fixed point of
the map whose differential is equal to the identity). However, there are substantial differ-
ences between the Katok map of the torus and the Gerber-Katok smooth pseudo-Anosov
models. These include:

* The Katok map acts on the torus, and thus can be lifted to R2, while pseudo-Anosov
maps do not in general admit a lift to R%. The lift of the Katok map to R? plays
an essential role in simplifying the analysis in [14], and some adjustments to this
argument are required to carry out similar analysis of globally smooth pseudo-Anosov
diffeomorphisms.

* The foliations of pseudo-Anosov diffeomorphisms are singular. In particular, the sin-
gularities do not admit a locally stable or unstable subspace forming a curve, but
rather forming the prongs that meet at the singularity. Furthermore, one cannot use
coordinate charts whose interiors contain the singularities if the coordinates corre-
spond to the stable and unstable foliations. Instead, the analysis must be performed in
stable and unstable sectors whose vertices are the singularities (see Section 3).

* Whereas the slow-down function used to construct the Katok map depends only on
the radius of the slowed-down neighborhood, the choice of slow-down function of the
pseudo-Anosov homeomorphism depends on the number of prongs of the singularity.
This affects the analysis of the behavior of the trajectories near the singularities.

The development of thermodynamics of the Katok map in [14] uses the technology of
Young diffeomorphisms, which are generalizations of hyperbolic maps. The definition of
Young diffeomorphisms relies on hyperbolicity of an induced map on a small subset of
the state space with local hyperbolic product structure. This induced map can be carried
over to a derived dynamical system on the corresponding Rokhlin tower. The thermody-
namics of Young diffeomorphisms have been thoroughly investigated in [15] and in [18].
Young towers have been used to study thermodynamic and ergodic properties of a variety
of nonuniformly hyperbolic dynamical systems (see [5]), including almost Anosov toral
diffeomorphisms (see [19]).

This paper is structured as follows. In Section 2, we define pseudo-Anosov homeomor-
phisms and discuss some of their dynamical properties, including measure invariance and
Markov partitions. In Section 3, we describe the smooth models of pseudo-Anosov homeo-
morphisms and state some important dynamical and topological properties of these maps.
We state our main results in Section 4. Section 5 is devoted to the study of dynamics
near the singularities and include some technical calculations needed to prove our main
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result. Some of these calculations are similar to the ones performed in Section 5 of [14]
but require some modifications and adjustments. Section 6 gives a brief survey of the ther-
modynamic properties of Young diffeomorphisms and inducing schemes we will be using.
Section 7 proves that our smooth models of pseudo-Anosov homeomorphisms are Young
diffeomorphisms, and finally Section 8 uses this fact to prove our main results.

2. Preliminaries

We begin with a discussion on measured foliations of a compact two-dimensional C* Rie-
mannian manifold M, where we assume M is without boundary. Our exposition is adapted
from the presentation in [1], Section 6.4. For the reader’s convenience, we have restated
their exposition here and have included additional details and remarks on the notation
concerning pseudo-Anosov maps and their behavior.

Definition 2.1. A measured foliation with singularities is a triple (¥, S, v), where:

* S={x1,...,x,} is a finite set of points in M, called singularities;

cF=FwSisa partition of M, where S is a partition of S into points and Fisa
smooth foliation of M\ §;

* v is a transverse measure; in other words, v is a measure defined on each curve on M
transverse to the leaves of 7?;

and the triple satisfies the following properties:

(1) There is a finite atlas of C* charts ¢ : Uy »> Cfork =1,...,{, € > m.

(2) For each k =1,...,m, there is a number p = p(k) > 3 of elements of F meeting at
xx € S (these elements are called prongs of xi) such that:
(@) ¢r(xk) =0and ¢y (Ux) =Dy, :={z€C:|z| < ai} for some a; > 0;
(b) ifCe F, then the components of C N Uy are mapped by ¢ to sets of the form

{Z €C:Im (zp/z) = constant} N (Up);
(c) the measure v|Uy is the pullback under ¢, of
’Im (dzp/z)‘ = |Im (z(”%)/zdz)‘ .

(3) For each k > m, we have:
(a) ¢k(Uk)~= (0,b1) % (0,¢) € R? ~ C for some by, cx > 0;
(b) If C € #, then components of C N Uy are mapped by ¢y to lines of the form

{z € C:Imz = constant} N ¢ (Ug).
(c) The measure v|Uy is given by the pullback of [Imdz| under ¢x.
An archetypal singularity with p = 3 prongs is shown in Figure 1.

REMARK 2.1. Henceforth, we refer to the C* curves that are elements of  as “leaves (of
the foliation)”; in particular, despite the technical fact that the singleton sets of singularities
{x1},...,{xx} are elements of ¥, we do not refer to these points when we refer to “leaves
of the foliation”.
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FIGURE 1: A 3-pronged singularity of a measured foliation with singularities..

REMARK 2.2. The transverse measure v is not a measure on M itself, in the measure-
theoretic sense of the word. What v is measuring is the “distance traveled” transverse to the
leaves of the foliation, similarly to how the 1-form dx measures distance traveled transverse
to the leaves {x = x¢}. To make this more explicit, properties (2) and (3) in the above
definition ensure that v is holonomy-invariant. In particular, if y and y’ are isotopic curves
in M \ S transverse to the leaves of ¥, and the initial points of y and y’ lie in the same leaf
%o and the terminal points lie in the same leaf ¥, then v(y) = v(y’).

Definition 2.2. A surface homeomorphism f of a manifold M is pseudo-Anosov if there
are measured foliations with singularities (7%, S,v*) and (%, S,v*) (with the same finite
set of singularities S = {x1,...,x;,}) and an atlas of C* charts ¢y : Uy > Cfork =1,...,¢,
¢ > m, satisfying the following properties:

(1) f is differentiable, except on S.

(2) Foreach x; € S, ¥° and F* have the same number p(k) of prongs at xy.
(3) The leaves of ¥* and #* intersect transversally at nonsingular points.
(4) Both measured foliations ¥ * and ¥ are f-invariant.

(5) There is a constant A > 1 such that

FEY)=F V) and  f(FUVY) = (F" "),

(6) Foreach k =1,...,m, we have x; € Uy, and ¢ : Uy — C satisfies:
(@) ¢r(xx) =0and ¢y (Uyx) = D, for some ai > 0;
(b) if C is a curve leaf in ¥, then the components of C N Uy are mapped by ¢ to
sets of the form

{z €C:Re (z”/z) = constant

(c) if C is a curve leaf in 7%, then the components of C N Uy are mapped by ¢ to
sets of the form

—_——

NDg,;

{Z €C:Im (Zp/Z) = constant{ N Dy, ;

—_——
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FIGURE 2: A singular neighborhood with a 3-pronged singularity. The solid lines and broken lines respectively
represent the stable and unstable foliations #* and ¥ “, for example..

(d) the measures v*|Uy and v*|Uy, are given by the pullbacks of
Re (4277 =R (20"
and
i (4277 = i 272
under ¢y, respectively.
(7) For each k > m, we have:
(@) ox(Ur) = (0,br) % (0,cx) C R? ~ C for some by, cx > 0;

(b) If C is a curve leaf in #°, then components of C N Uy are mapped by ¢ to lines
of the form

{z € C:Rez = constant} N ¢ (Uy);

(c) If Cis acurve leaf in %, then components of C N Uy are mapped by ¢y to lines
of the form

{z € C:Imz = constant} N ¢ (Uy);
(d) the measures v*|Uy and v*|Uy are given by the pullbacks of |[Redz| and |Imdz|
under ¢, respectively.

For k =1,...,m, we call the neighborhood Uy C M described in part (6) of this definition a
singular neighborhood, and for k > m, we call Uy a regular neighborhood. (See Figure 2.)

REMARK 2.3. The notation f(F4“,v*) = (F4, Av") means two things. First, it means that
if y is a subset of a leaf of #“, then so is f(y), and in particular, so is f~'(y). Second,
it means if y is an open interval in 7 °, or more generally any arc in M transverse to the
foliation 7, then v* (! (y)) = 1v*(y). That is, f.v* = Av", with f,v" the pushforward
transverse measure. Likewise for the notation f(F°,v®) = (¥ °,v*/1). So points on the
same ¥ ®-leaf contract in the v*-measure by a factor of A, and points on the same ¥ “-leaf
dilate in the v*-measure by a factor of A.
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REMARK 2.4. Since f is a homeomorphism, f permutes the singularities; that is, the
singular set S is f-invariant. However, our arguments assume the singularities are fixed
under the pseudo-Anosov homeomorphism. If the singularities are not fixed points, one
could consider an appropriate iterate of f and study the dynamics of this iterate, arriving
at the same results.

We state a few important properties of pseudo-Anosov homeomorphisms we will use
over the course of our arguments.

PROPOSITION 1. Let f : M — M be a pseudo-Anosov homeomorphism. For x € M \ S,
TeM =T, F5(x) T F “(x), and in these coordinates, D f,(E5,E") = (£%/A, AE™), where
&% and & are nonzero vectors in Ty ¥ *(x) and Ty F " (x), F°(x) and F%(x) represent the
curve containing x in the respective foliation, and A is the dilation factor for f.

Proof. This follows immediately from the definition of pseudo-Anosov diffeomorphisms
after a calculation in coordinates (see Remark 2.3). O

PROPOSITION 2 see [7], Exposé 10. A pseudo-Anosov surface homeomorphism f : M —
M preserves a smooth invariant probability measure v defined locally as the product of v*
on F"-leaves with v on F *-leaves. In any coordinate chart of M, this probability measure
v has a density with respect to the measure induced by the Lebesgue measure on R?, and
this density vanishes at singularities.

PROPOSITION 3 see [7], Exposé 10. Every pseudo-Anosov homeomorphism of a surface
M admits a finite Markov partition of arbitrarily small diameter. Conjugated to the sym-
bolic system induced by this Markov partition, with the measure v as in the preceding
proposition, (M, f,v) is Bernoulli.

3. Pseudo-Anosov diffeomorphisms

Generally speaking, pseudo-Anosov homeomorphisms as defined in Definition 2.2 are dif-
ferentiable everywhere except at the singularities x; with p(k) > 3. This is a consequence
of the fact that f contracts (resp. expands) points in the stable (resp. unstable) leaves of the
foliation, so the differential of f cannot possibly be linear at the singularities.

In this section, we construct a surface diffeomorphism g : M — M that is topologi-
cally conjugate to the pseudo-Anosov homeomorphism f, and whose differential at the
singularity is the identity. (Since we assume the singularities are fixed, this is a reasonable
statement.)

Before proceeding with the construction, we point out that some literature refers to the
maps defined in Definition 2.2 as “pseudo-Anosov diffeomorphisms”, despite the fact that
these maps are not differentiable at the singularities. To avoid any confusion, we reserve
the word “diffeomorphism” only for those maps that are differentiable on all of M, and use
the phrase “pseudo-Anosov homeomorphism” for the maps described in Definition 2.2.

Let xx € S, let p = p(xg), and let ¢ : Uy — C be the chart described in part (6) of
Definition (2.2). The stable and unstable prongs at xj are the leaves P]‘:j and PI':j, Jj=
0,...,p—1of F% and ¥, respectively, whose endpoints meet at x;. Locally, they are given
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by:

4 2j+1
P,ii:¢;1{pe‘7:0§p<ak,‘r: J n},
' p
and P,’:j =¢,:1{

) 2i
pe”:OSp<ak,‘r=—]ﬂ}.
p
For simplicity, assume f (sz) c Pl‘:j forall j =1,..., p. Furthermore, we define the stable

and unstable sectors at xi to be the regions in U, bounded by the stable (resp. unstable)
prongs:

. 2ji—1 2j+1
S]ij:¢;1{pe”:0§p<ak, ]p T<1< ]p n},

; 2j 2j+2
and Szj:¢,:1{pe”:0§p<ak,;]ng‘rs ]p 71'}.

The strategy for creating our diffeomorphism g is adapted from section 6.4.2 of [1]. In
each stable sector, we apply a “slow-down” of the trajectories, followed by a change of
coordinates ensuring the resulting diffeomorphism g preserves the measure induced by a
convenient Riemannian metric.

Let F : C — Cbe the map s| +is, — As| +isa/A. Note F is the time-1 map of the vector
field V given by

S] = (log/l)sl, S‘z = —(IOg/l)Sz.

Let 0 < ry < rg < min{aj,...,ac}, and define 7 and 71 by 7 = (2/p)r?’? for j = 0,1 and

for each p = p(k). Define a “slow-down” function ¥}, for the p-pronged singularity on the
interval [0, o0) so that:

(@) ¥,(u) = (p/2)@P=HIPy(P=2IP for y < 7%;
(b) ¥y is C* except at 0;
(¢) Wp(u) >0 foru>0;

(d) Wp(u)=1foru>73.

Consider the vector field Vi, on Dy, C C defined by
s1=(logD)s1¥p, (s7+53) and 5= —(log)s2'¥), (57 +53). (3.1)

Let G, be the time-1 map of the vector field V\pp . Assume r1 is chosen to be small enough so
that G, = F on a neighborhood of the boundary of Dy, and assume r( is chosen to be small
enough so that the open neighborhood Uy := U}, ¢, (Dy,) of S is disjoint from the open
set U,‘;:mﬂ ¢I;' (Dg, ). We also define the open neighborhood Uy := Ure, ¢];] (D;O) c U,
as well as U, and U, defined analogously with D,, and Dy, respectively.

Let a; = (2/19)“;:/2’ and define the coordinate change @y : ¢x S]ij —{z:Rez >20}N Dz,
by

@y (2) = 2/p)Pl* = w = 51 +iss.
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Define g : M — M by g(x) = f(x) for x ¢ Uy and meanwhile for | <k <m, 1 < j < p(k),
define g on each sector S}ij N ¢;l (Dy,) by

8(x) = ¢ DG, Dy pr (x).

PROPOSITION 4 see [1]. The map g defined above is well-defined on the unstable prongs
and singularity. It is in fact a diffeomorphism topologically conjugate to f, and for any
&g >0, ro and ry can be chosen so that || f —gllco < &. In particular, g admits a Markov
partition of arbitrarily small diameter.

Next we define a Riemannian metric { = (-,-) on M \ S with respect to which the map g
is invariant. In the stable sector Szj ol ¢I;' (Dgz, ), we consider the coordinates w = s +is2
given by ®@y; o ¢ defined above. Outside of this neighborhood, we use the coordinates
z = 51 +is,. In both sets of coordinates, the stable and unstable transversal measures are
v® =|ds1| and v* = |ds,|. On stable sectors in M \ S, we define the Riemannian metric {

to be the pullback of (ds% + ds%) /Y, (s% + s%) under @y; o ¢. In regular neighborhoods
(Uk, ¢x), we define { = ¢ (ds% +ds%). Since 7 is chosen so that ¢l:1 (D;O) is disjoint
from regular neighborhoods, and ¥, (1) = 1 for u > Fg, ¢ is consistently defined on chart
overlaps. One can further show that { agrees with the Euclidean metric in ¢;1 (D;O). So ¢
can be extended to a Riemannian metric on all of M.

PROPOSITION 5 see [1]. Letting z =t + ity be the coordinates given by (¢x,Ux), 1 < k <
m, the Riemannian metric { is actually the Euclidean metric dt% + dt%. In particular, the
diffeomorphism g : M — M is u;-area preserving, where 1 is the volume determined by .

For stable sectors S;J., we use the coordinates w = (I);;j(z) = s1 +is2, and in regular
neighborhoods Uy, k > m, we use the coordinates z = s; +isp. Then s represents the
coordinate in the unstable foliation, and s, is the coordinate in the stable foliation. Define
the coordinates (£1,&,) in each tangent space T, M, x € M \ S, to be the coordinates with
respect to

-1 2 oy O .
(©xjoer). (\11,, (s7+53) a_sl-)’ i=12 (3.2)
in each stable sector, and with respect to (¢k);1 (0/9s;), i = 1,2, in each regular neighbor-
hood. For x € M\ S, let C be the cone in 7y M bounded by the lines &| = +&5, respectively,
and contains the tangent line to the #* leaf through x. Respectively define C to be the
cone containing the ¥ * leaf.

PROPOSITION 6 see [1]. For x € M\ S, the cones C{,Cy satisfy the following:

(a) Cf and C; depend continuously on x € M\ S;
(b) CY (resp. C5) is strictly invariant under Dg (resp. Dg_l) onxeM\S;
(c¢) Foreach x € M\ S, the intersections

E'(x) = \Dg"Clniy and E*(x):=(\Dg"Cony)
n=0 n=0
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are one-dimensional subspaces of Ty M; moreover, if x € M\ S is on an unstable leaf,
then E"(x) is tangent to the unstable leaf (and similarly for E*(x) on a stable leaf).
(d) E*(x) and E*(x) depend continuously on x € M\ S.

We will need a stronger condition on cone invariance. For x € M\ § and for 0 < @ < 1,
define the families of cones K*(x) and K~ (x) by:

K'(x)={v=(£1.6&) €M 1 & < alél},
K™ (x) ={v=(£1.62) € TeM : 61| < al&a]}.

In the original construction of pseudo-Anosov diffeomorphisms yielding Proposition 6, we
have @ = 1. But for certain later arguments, we will require o < 1.

LEMMA 3.1. There exists a 0 < ag < 1 such that for all @y < a < 1, and for all x e M,

Dg<K"(x) CK*(g(x)) and Dgy K™ (g(x)) C K™ (x).

-1

g(x)
Proof. We prove invariance only for K*(x); the invariance of the stable cones is proven
similarly by considering g~'. Assume x € U, as the result is clearly true outside of U.

Consider the vector field (3.1) defined on C. The variational equations for (3.1) give us

% =log A (¥ () + 257, ) &1 + 25152, () &)
and

d. i i

% =-logAa (2S1S2‘1’p () &1+ (lPP () +253%, (u)) 52) '

where u := s% + s%. The “slope” n := &,/ of a tangent vector in C changes under the flow
of (3.1) as:

fl—lz =—2logA ((1 + 172) slsz\Pp (u) + (‘I’p (u) + (s% + s%) ‘Pp) 17) 3.3)

Suppose 7% <u< 7(2). Since ¥}, > 0, and ‘Pp > (0 is decreasing, we have:

Yo YD p 5 p (i)zu

- Z = = ry 2 =
¥, ¥, p-2 T p-2\R

Meanwhile, if 0 < u < 72

1> we have

lIIp(l/t) _p s p (';_*1)214

Y, p-2 p-2\r
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If n > 0, this gives us
dn p (7))
I < —210g/l‘1‘,,(u)((1 +772)s1s2+(1 + — (7—1) )(s%ﬁ-s%) 77)

—~\2
:—210g&‘1’,,(u)(((1+1%(1—1) )n—%(1+n2))(s§+s§)

+%(1+772) (s1+sz)2)
< =2log 1¥, () () (57 +53).

where ¢/ (1) := (7—')2 ~ (=12 Since (1) > 0, there is a g € (0,1) with () > 0

72
for @y < n < 1. Therefore % < 0for @g < n < 1. For n <0, we have
dn

T =2logA ((‘Pp(u)+ (s%+s%) ‘i’p(u)) 7| —s152 (1 +772)‘Pp(u)

~\2
> 21og AW, (i) ((1 + 1% (;—;) )(s%+s§) Il = s152 (1 +,72)).

A similar argument will show % >0 for -1 <5 < —ay. Letting @ = 1, for z € C, we have
D(Gp):K7 (2) S K3 (Gp(2)) and D(Gp)g! . K7 (Gp(2)) € K (2), where

K (2) ={({1,0) € T:C: |Gl < @l ),

Ky (2) ={({1,02) € T2C: |41] < | L2}

Note ap does not depend on the distance of z € C from 0. Applying the coordinate map
qﬁ,;l ) (D,;j1 :{z:Re(z) 2 0}N Dy, — M, the cones K*(x) and K~ (x) defined using the
coordinates in (3.2) for 7. M satisfy the same invariance property as K; and K . This
proves the lemma. O

4. Main results
We begin by defining the relevant ergodic properties under consideration. Given a con-
tinuous potential function ¢ : M — R, a probability measure p, on M is an equilibrium
measure for ¢ if

Pg(90)=hﬂw(g)+f pdy,,
M

where hy,,(g) is the metric entropy of g with respect to u,, and Pg(¢) is the topologi-
cal pressure of ¢; that is, Pg(¢) is the supremum of 4, (g) + fM ¢@du over all g-invariant
probability measures p on M.

A special instance of equilibrium measures are known as SRB measures. Given a (uni-
formly, nonuniformly, or partially) hyperbolic function f : M — M on a Riemannian
manifold M, an f-invariant Borel probability measure y on M is called an SRB mea-
sure if f admits positive Lyapunov exponents u-almost everywhere, and if the conditional
measures of y on the unstable submanifolds are absolutely continuous with respect to the
Riemannian leaf volume.
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Additionally, we say that g has exponential decay of correlations with respect to a mea-
sure u € M(g, M) and a class of functions H on M if there exists x € (0, 1) such that for
any hy,hy € H,

< Ck"

’fhl (g"(X))hz(X)d#(X)—fhl(X)du(X)fhz(X)du(X)

for some C = C(hy, hy) > 0. Furthermore, g is said to satisfy the Central Limit Theorem
(CLT) for a class H of functions if for any / € H that is not a coboundary (ie. h # h’og—h’
for any i’ € H), there exists o > 0 such that

1

lim #{%Z(h(gi(x))— [haw)<if=—— [ e an

i=0 o

The family of potential functions we consider are the geometric t-potentials defined by
pr(x) =—t 10g|Dgx| Eu x)|. Although the unstable distribution E* does not continuously
extend to the singularities, the differential Dgy, is the identity at each singularity xo, so ¢,
continuously extends to the singularities; in particular, ¢, (xo) = O for each singularity xo.
So the geometric f-potential is well-defined in this setting.

Our result shows there is a #g < 0 for which every ¢ € (¢o, 1) admits a unique equilibrium
state u,, =: u; for the potential ¢; : M — R. Whent =0, ¢ = 0, so the equilibrium measure
Ho satisfies Pg (0) = hy,(g), and so pyp is the unique measure of maximal entropy for g.

We now state our main result.

THEOREM 4.1. Consider a pseudo-Anosov diffeomoprhism g : M — M on a compact
Riemannian manifold M. The following statements hold:

(1) Given any ty < 0, we may take ro > 0 in the construction of g so that for any t € (to, 1),
there is a unique equilibrium measure ; associated to ¢;. This equilibrium measure
has exponential decay of correlations and satisfies the Central Limit Theorem with
respect to a class of functions containing all Holder continuous functions on M, and
is Bernoulli. Additionally, the pressure function t = Pg(¢;) is real analytic in the
open interval (to, 1).

(2) Fort =1, there are two classes of equilibrium measures associated to ¢1: convex com-
binations of Dirac measures concentrated at the singularities, and a unique invariant
SRB measure p.

(3) For t > 1, the equilibrium measures associated to ¢, are precisely the convex
combinations of Dirac measures concentrated at the singularities.

REMARK 4.2. Uniqueness of the measure y; for z € (¢, 1) implies this measure is ergodic,
but in fact, Theorem 4.1 gives us that this measure is Bernoulli.

REMARK 4.3. Taking ¢t = 0, this theorem shows that the dynamical system (M, g) admits a
unique measure of maximal entropy that is Bernoulli, has exponential decay of correlations,
and satisfies the Central Limit Theorem.



14 D. Veconi

REMARK 4.4. Although we know ¢ Pg(¢,) is real analytic in (#o,1), we do not know
about the behavior of Pg(¢,) for ¢ < f¢. In particular, it is not known whether (M, g, ¢;)
admits a phase transition at ¢ = #(.*

5. Dynamics near singularities

In this section, we discuss the dynamical properties of pseudo-Anosov diffeomorphisms,
considering both their global behavior as well as their behavior near singularities. The
thermodynamic constructions we will develop in Sections 6 and 7 require bounds on how
quickly nearby orbits diverge from each other. For this reason, the estimates and inequalities
collected in this section will become important tools to examine how nearby orbits behave
in neighborhoods of the singularities.

Several of the technical calculations made here are similar to the calculations performed
for the Katok map in [14]. However, they are carried out here for the reader’s convenience,
as well as the fact that the slowdown function in the Katok map uses different constants
depending on the radius of the slowed-down neighborhood (by contrast, our slowdown
function depends not on the radius of the slowdown, but on the number of prongs of the
singularity).

Our first two technical estimates concern how long an orbit remains in a neighborhood
of a singularity. Recall our definitions 7; = (2/ p)rf 2 for Jj =0, 1. In particular, 7y and 7]
depend on p, and thus depend on k for k = 1,...,m

LEMMA 5.1. There exists a T, > 0, depending on p, A, ro, and ry, so that for any solution
s(t) of (3.1) with s(0) € Dg,,

max {t > 0: s(t) € Dy, \ Dy | <T,.

Proof. The value SISQ is mvarrant under the flow. If 575, > 2 1’ then when s = sz, the

minimum value of s + s2 is > 72, and the trajectory never enters Dz . If 5152 < 2r the

trajectory either w1ll enter D5, or has already entered Dy, and is on its way out of Dx,.
Case 1: 5152 > 5 Smce?% > 57+ 5% > sZ, we have }f‘ < 5783 < 8770, 80 87 > 7 /AT

2 1 S515; =57,
So, since ¥}, is an 1r1creasrng functron,

d i
E( ) 252‘1’ (s +s2)log/l > 2r§‘{’p (7f)log/1.

It follows that the time 7T it takes for s% to reach 75 from s% ) > 7‘1‘ / 475 satisfies

=2 _ N
o~ 32 4r§p - r]2p
r<— . = 3p—2 :
I 72 2r7P " log A
=¥ (7)loga 2y "log
Case 2: 5152 < 5 2. Assume that s; < 5o, ensuring that the trajectory will enter Dy . If

we can prove there isa unlform time bound T before which this happens, then by symmetry

*For the Katok map, it is shown in [21] that for sufficiently small values of the parameters @ > 0 and r > 0, the Katok map has
a unique equilibrium measure u; corresponding to the geometric potential ¢, for all values of # < 1.
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of the vector field, the same T is an upper bound for the time it takes this trajectory to exit
Dz, when s > 5.

We will in fact establish a bound on how long it takes s2 to decrease from s2(0) to 272
when s; < s7. For then, because 5153 < 2 P 72, by the time s2 the trajectory will already

have entered Dy, . So, 53 > 372, and since in this case s3 + s2 > 172 we have

271

(%) = 252, (7 + 52) g < 7, (472) log 2.

It follows that the time T it takes for s to reach r2 from s2 0) < r satisfies

2_ 132 p_.pr
T<— 0721 o= 2" — 222 22r2rl
(% 2)log A 2772 log A
O
LEMMA 5.2. There exists a T € Z, depending on ro and A, so that for any x € ‘L~10 =
UlT:l ¢];1 (DFO) C M, we have
m
max{N >0:¢"(x) | Jo;! (Dr \ D7) forall n :O,...N} <T.
k=1
Proof. This follows from Lemma 5.1 after taking 7' = max{T,x) : k = 1,...,m}. |

Next, we will establish bounds on how quickly nearby points will diverge while remain-
ing near the singularities. The main lemma that demonstrates this bound is Lemma
5.5.

LEMMA 5.3. Fori,j = 1,2 define the functions d;; : D7, — R by
dii(s1,82) = 6—2 (sz‘{’ (s2 +s2))
Y ’ 6S[(9Sj p 1 2)):

Then,

6p—12 @p-4/p —4)/2
P (1_7) (S%_'_s%)(l’ )/P.

max |d;;i(s1,52)| <
i,j:1,2| l]( 15 2)| )

Proof. Recall that for u <72, we have W), (u) = (p/2)?P~9/PyP=2/P S0,

(s (s ;)):2”7‘4(g)(z”“‘””m(s$+sg)‘2“’, and

i (ot () =22 (8] (e

@2p-4)/p (p=2)/
2 2\ P p
D) ()

SRS

Note |s1|2 < s% +s§, and since p > 3,
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Therefore, for all (s1,52) € D7,

2p-4)/p 2/p
ld11 (s1,52)| = (5) —slsz (s2+s2)

2P 4 (p\@pr- 4)/p -2/p 4 ~(p+2)/p
(5) +s%) —l—js%sz (s%+s§)

2 4 2p-4/p ) 452

L2 (2 52l (52 +52) 71 - ——
2 2 2.2

p(s1+s2)

2p—4 (p\CP=HIP N p-H/2p
< > (E) (s1+s2) .

A similar argument applies for di, = d»; and for d»,, though in dy, we use the estimate
—2 < 453/3p s+ 52) instead:

2p—4 @p-4)/p 2/p 452
|d12(s1,52)|=p—(§) |S1|(s2+s2> 1- %
p p(s1+s2)
2p—4 (2p-4)/p -4)/2
< 2P (1_’) <S%+S%)(P "2
p 2
6p—12 @p-H/p ~2/p 452
|d2 (s1,52)| = p (g) |Sz|( 2+sz) 1- %
3p<s1+s2)
6 —12 (2p_4)/l7 —4)/2
< 4 (E) (S%+S%)(p )/2p
p 2

O

Let s(¢) = (s1(2), s2(t)) be a solution to (3.1), and assume s(¢) is defined in the unique
interval [0, 7] for which G;,l(s(O)), G,(s(T)) ¢ D7, and s(¢) € 5;] for0 <t <T.In partic-
ular, this means s(0),s(T) € D7 . (Recall G, is the time-1 map of the vector field (3.1).)
Further denote 77 =T/2, so that if s1(¢) > 0 and s,(¢) > 0 for ¢ € [0,T], we have s1(¢) < s2(¢)
fort € [0,71] and s1(¢) > s1(t) fort € [T}, T].

LEMMA 5.4. Given a solution s(t) to (3.1), and T and T\ defined above, we have the
following inequalities:

—p/Cp—4
1+ Cosi ()29 (b-n) "' o<i<peTy

—p/Cp—4
1+ Cos2(a) D7 (1 - a)) PGP G ca<i<T;

+2P=2IP G55 (a) 2P=DIP (1 - a)) /@4

(@) |s1()] < Is1(D)]
() [s2()] < |s2(a)]
©) Is20] = Is2(a)] (1

0<a<t<T
(d) Is1 (@] = |s1(D)]
T <t<b<T;

’

—_— A/\/—\

—p/(2p-4
1+2(1’_2)/PC0S1(b)(zp—4)/P(b_t)) P/C2p=4)

)

2p-4
where Cy = 2”7 (%)( p=ip log A.
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Proof. By symmetry, we may assume s1(¢) > 0 and s2(#) > O for € [0,T]. Then using the
facts that s +s3 > s7 for i = 1,2, and that ¥}, () = (p/2)®P~P/PuP=2/P for 0 <u <772,
(3.1) implies

d @2p-4/p
Esl(t) > (g) s1(1)CP™/Plog A,  and

In particular, this gives us

i d @2p-4)/p
51(1) @p 4)/IJES1(¢) > (E)

log A4, d
5 og an

_ _ d p @2p-4)/p
GBp-4)/p

t — )<—-|=
$2(0) dtsz()_ (2)

Integrating these expressions between a and b, where 0 < a < b < T, we get:

log A.

$2(b)~CPVIP _ 55 (a)~CP=DIP > Cy(b—a), and

s1(D)~ PP — 5 ()PP HIP < ~Co(b - a),

_2p4(p
\yhere Co= > (2
ties (a) and (b).
Using the fact that s1(¢) < s2(t) for0 <t <T; = %T and s1(t) > sp(t) forT) <t <T, we
get:

@2p-4)/p . . . .
) log A. From assuming that s;(z) > 0, i = 1,2, we get inequali-

5107 +52(02 <2512 0<t<Ty;

st +52(0)> <251(0)%, Ti<t<T.
Once again, applying (3.1) yields

2p-4)/p
P ) s1(HCPHPlogA, Ty <t<T,

d
4 <2<p—2>/p(_
dtsl( )< 2

@2p-4)/p
P ) 5P P log ) 0<T <T.

%52(,) > _2(P=2)/p (5
Using the same integration strategy from a to b as before gives us
s1(b)~FPIIP _ 5 (1)~ @P=VIP > 2PDIPCy(b—1), Ty <t<b<T;
$52(1) PP _ (@)~ CPIIP < 2PDIPCo(t—a), O0<a<t<T.
This gives us inequalities (c) and (d). |

Now suppose s(¢) = (51(¢), 52(¢)) is another solution of (3.1) defined for t € [0,T]. We
will need an upper and lower bound for As(r) := 5(r) — s(r). Let As;(r) =5;(t) —s;(1),
j=12.

LEMMA 5.5. Suppose s1(t) # 0 # sy(¢t) for t € [0,T] and that As,(t) > 0 for t € [0,T].
Suppose further that 0 < a < 1 satisfies

(1) |As1 ()| < aAsa(2) fort € [0,T];
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Asy(0) 1-a
%0 | = 72

2
Then,

As>(0 -
Asa (1) < S"‘(g)) 2 (1+2(p_2)/pC0s2(0)(2p_4)/pt) P o<i<T,
S

A 1+2%72/P Cos1 (B)*P /P (b—1) )ﬁ
si () "\ T 207270 Cosy () 2P-0P (b—Th)

where 8 =2"CP2/P(1 —a), and C, is the constant from Lemma 5.4. Furthermore, for
0<a<T,<b<T,

Asr(t) € ————= T. <t<b<T,

[|As(b)|| < V1+02M||As(a)||. (GR))
s2(a)

Proof. Assume s;(t) > 0 for j = 1,2; the other cases follow by symmetry. Further denote
u=s7+s3and & =57 +53. Applying equation (3.1) to the second Lagrange remainder of
the function (s1,52) - 52, (s% + s%) centered at the point (s, s2), we get:

d —
EASZ =—loga (sz‘{’p () — $2'%¥p (u))

(SQ‘P (u))Asl+aa (SZ‘P (u))AS2+; Z djk (fl,fz)ASjASk)

0
= —logxl(
k=1,

ds1

= —log/l(Zslsz‘P,,(u)Asl + (W) () +253%, (u)) As

1
+5 Z djk (fl,fz)ASjAsk),
J.k=1,2
where d i are as in Lemma (5.3) and & = (¢1,&,) € Dy, is such that &; lies between s; and
s for j = 1,2. It follows that
d (Asz) 1d 1

- =——As)— _SQASZ
dt s dt S2

. 1 .
=—logA (2s1‘I’p (W)Asy + —, (w)As + 25, (u)As)
$2

log A AsjAsy
- D, dinéné)

jk=1,2
2p—4)log A @p-4/p
- M(z) _z/p(slAs1+S2AS2)
p

logA As; Ask
- § Z djr (€1,62) 4
jk=1,2

1
+logA—"Y, (u)As>
52

Suppose 0 <t < Ty, so that 0 < 51(¢) < s2(7). Since |As|(#)| < aAs,(¢) by assumption, we
get:

S1ASs1+ $520Asy > (—s1a+52) Asy > (1 —a@)sAsy.
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Lemma 5.3 implies

) (p-%/2p

(As2)?.

24p—48
2p=d8 ()P 1

2p-4)/p
I

D ik (€1,62) AsjAsi = - 5
7.k

It follows from the above two inequalities that

d (Asz) (- )(Zp 4)10g/l(
p

@2p-H/p
dr ) (

-2/
) + S%) P SQASQ

, (12p=24)log (p p-4/p (=412 (As))?
G @)
p 82

Since 51(¢) < s5(t) for 0 <t < T}, we have <52+ s < 2s§. Therefore,

2="1

d (Asy (2p—-4)loga (p
e BRI

)(2p—4)/17( s NP-D/p S% Asy

s +s)
1792
s%+s§ 52

42
(12]7 24)10g/l( )(2p 4)/p Ne 4)/p<§2+§2 )(P )/2p (&)2
2

P %2 53 52
_ @p-4)/
S_(I_Q)M(&) PP Asy
2 S2
-4)/2
, (12p-24)log (@)OP—‘U/P e\ (%)2
P 2 53 52 )
Denoting « = «(t) = AS—SZZ(I), we summarize:
dx (p—2)logA (p32)(2p—4)/p
—<—-(l-q@)————=[—=
dr — (1-a) 2 .
(p—-4)/2
, (12p-24)log2 (12)<2P—4>/P<§12+§§) g ”Kz
2
p 2 $5

P 2 53

(p—2)log A (pss\2r=/p g3\
=——(—) kll-a-12 K

Note 0 < 55 < & <sp =55 +Asp, and &] < 51+ |As;| < 52+ aAs,. Therefore,

&g a+& _ (2+0A5) + (52 +A5)°

2 - S2

2

g+8\""" [ ifp =34
< 42
$ 2a+2)"™ ifp s,

Using Assumption (2), we observe that

2 2\ (-9 /2p
+ 1-
1—a—12(fl 2'52) K(O)ZTO‘.

D)

It follows that

=(1+ak)?+(1+k)><2(1+x)%

19

5.2)

(5.3)

(5.4)



20 D. Veconi

Equation (5.3) now implies

de| __(1-a)(p-2)logA (ps2<0))<2"‘4>/” <0 <0.

dtli=o = 2p 2

So «(t) satisfies
0 < k(t) < =2 (5.5)
K 72 .

for 0 <t < ¢ for a small number ¢ > 0. The same arguments as before now imply

k() <0 (5.6)

de __(1=a)(p=2)logd (psa(t) @pr=/p
dt ~ 2p 2

for 0 <t < 6. Since « and s, are continuous and positive on [0,7}], the estimates (5.5) and
(5.6) apply for 0 <t < T. Applying Gronwall’s inequality to (5.6) gives us for 0 < ¢ < T7:

— — — t
k(1) < x(0) exp (_(1 a)(p—2)logd (1_))(211 4)/nf 52(1)CP=4/p dr). 57
2p 2 0

Applying the third inequality in Lemma 5.4 to this integral gives us:

t t

-1

f 52 (1) 2P g > f 52(0) 2P (14207210 Gy, 0) P91 7)™ iy
0 0

_ (p-2)/p 2p-4)/p
=T log (1+2 Cos2(0) t).

Recalling that Cy =

_ 2p—4
= (%)( pi log 4, (5.7) now becomes:

p

(1-a)

K([) < K(O) exp (—m

log (1 + 2(P2)/PC032(0)(2P4)/PI))

= (0) (1420722 sy (0) 2P~ H1P) 7, (5.8)

giving us the first inequality of the lemma.
To prove the second inequality, arguing as before for 77 <t < T, we get:

d d d
—rAsy = —1ogz(a—sl(s2'{fp(u))m1 + a—sz(sz‘vp(u))mz

1
t3 D die (fl,fz)AsjAsk)

k=12
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for £ = (&1, &) satisfying min {sj,Fj} < ¢; <max {sj,Fj}. Thus, using assumption (1) and
positivity of s;, ‘Pp, and As»,

d (A 1d 1
E (ﬁ) = ——AS2 - S—S1AS2

s1 dt N

A . A
= _log2 (2s1s2‘I’p (W) =L+ (253, () + ¥, () ﬁ)
S1 S1

1 As ASk As
~zlogd Y djk(61.62) = ~log ¥, (u)—
jk=1,2 S1
AS2
< -2log A (W) (u) — sy 52W, (u) + 53, (u ))
As;Asg
——logzd]k(fl,fz) .
As log A AsiAsy
< —2log A (¥, () - asi 52, (u)) 2 g Zd]k(gl,gz) 2%

Observe that

¥p p 2,2 p a 2,2
T—p—aslszzﬁ(sl—ksZ)—aslszz pTZ_E (s1+s2)

2-a)
> Z(p—g) (s2+s2)

It follows, in particular, that

p\E@PDP2—a ;5\ (p-DIp
) - (s3s3) "

¥, (1) —aslsz‘Pp(u) > (5 s1+85
Furthermore, applying the inequality in (5.2), we get:
d (A @p-9/p A
( s2) <-loga (%) Q2-a)sP 22
dt S1

_ 2 2\ (P-4 /2p 2
tlogd (§ )@P WP @p-ayyp 12 =2) <$1 +fz) (Asz) |

! p 52 51

In particular, if we denote y(¢) = As—slz(t), we find that

(p—4)/2p

d @p-dlp ., 12(p=2) [ £2+ &2

_dX <—log/1(p) s 4””)((2—(1— (P )(fl 252) X). (5.9)
t 2 p s

Recall that min{sj,i'j} < < max{sj,@}, and that As; ='s; —s; for j = 1,2. Therefore,
—|As;| <& < s +|Asj].

In particular, since |As;| < @As, by assumption (1), we get:

2
aAs
E+E2 > 2 > (51— |As1])? = (51— aAsy)? = 52 (1 - 2) > s3(1- )%
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Furthermore, since s,(¢) < s1(¢) whenever T} <t < T, we get:

2, 2 2
& +e As 55 As
122S L4 A1) (52 As

ST S1 S1 $1

It follows that:

2
) <(+a)*+A+x)? <21+ )%

(p=4)/2 -
(s‘%+§5)p P {“—w e, p=34

% 2=N/2p (] +X)(p—4)/p, p=5.

s
Since s1(T1) = 52(T1), by the first estimate in this lemma and assumption (2), we find that:

Asy(T1) _ Asa(Th) < As>(0) < l-a
s1(T1) (T ~ 5200 — 72

0< x(T) =

Again, applying assumption (2) gives us:

(p—4)/2p
12(p—-2) €2 +¢&2 1-
2-q- 2E=D(EiE X))z —=.
p 52 2
So (5.9) now becomes

d 1—a)logd @p-4)/p
dx <_w(£) 1 (TP 4 (T}) < 0. (5.10)
dt =T 2 2

Repeating the argument for the first estimate in this lemma, we find that the inequalities in
(5.10) hold for all ¢ € [T1,T]. For Ty <t < b < T, by Gronwall’s inequality and inequality
(d) in Lemma 5.4, we get:

- @2p-4/p Nt
x@®) < x(T)ex _w 2 Sl(T)(Zp—4)/pdT
P 2 2 .

1

(1 —a/)l()g/l (p)(ZP—4)/p

@2p-4)/p
> > s1(b)

< X(Tl)eXP(_

t —
xf (1+2072/P Cosy (17) 2P~/ 5y (1) 2P H/P (b - 1)) 1dT)
T

1

p(l-a) 1 _,.2(/1—2)/176'051 (T, )(2p—4)/p (b-1)
206r-2/p(p-2) 14+2W=2/PCys{(T})CP-D/P (b-T))
14202/ Cys1(T;)2P=D/P (h—1) Bpl(p-2)
+2P=2/PCos1 (T1)P~41IP (b—T) )

= X(Tl)eXp(

=)((T1)(1

The second estimate now follows.
To prove the final inequality, (5.6) and (5.10) show that x(a) > «(T7) and x(T7) = x(b)
for 0 <a <T) < b <T.More explicitly,
Asy(Ty) _ Asa(a) Asy(b)  Asy(Th)
< and < .
s2(T1) s2(a) s1(b) s2(Th)
Recalling that s, (77) = s1(7T7), combining the above inequalities gives us:
s1(b)Asy(T1) < s1(b)Asy(a)
so(T) = sa(a)

Asy(b) <
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By the assumption that |As;| < aAs;, we get

Asy < ||As|| € V1 +a?As,,

and combining this inequality with the preceding one gives us the final inequality in the
statement of the lemma. ]

Our final estimate concerns the size of the angles between tangent vectors in the unsta-
ble cones near the singularities. This will be used in examining the distance between the
unstable subspaces of nearby points in neighborhoods of the singularities.

Recall the neighborhood U, of S is given by U, = Urg, (15;1 (D;] ) For x € U, define:

/(D D
y(r)= max 4 2(D8&xv.Dexw) 5.11)
v,weK ™ (x) Z(V,W)
[vi=lwll=1

and denote y;(x) = y(g/ (x)) for j > 0.

LEMMA 5.6. For every x € U, with g/ (x) in the same component of(L~11 for j =0,...,k,
we have:

k—

—_

-p/(p-2
¥ < (14 Cosa (@) 1r ) 7107

~.
Il
(=}

where Cy is the constant from Lemma 5.4.

Proof. Denote z = @y (¢ (x)) = (51(0),52(0)), so that

(@rjo k) (€7 () = (510D 527)).

Consider a tangent vector v = ({1,{») in C along a trajectory of the vector field (3.1).
Reparametrizing 1 = {>/{; with respect to s; instead of ¢ along this curve, equation (3.3)
implies

dy _dy(dsi\"'_ NI RO Ew s2+52 W, (u)
d_sl"E(E) = 2((1+n)s2wp(u)+(;‘l‘p(u)+ w ]

For i = 1,2, let n;(s1) = m(sl,sl(j),n?) be a solution to this differential equation with
initial condition n;(s1(j)) = n?. Then,

d 1 ¥, (u)
o (m1—m2) = —Zs—l (1 + '{’Z(”) (S% + 55+ 5152071 +772))) (n1—m2).

-1
If (£1,6) =D (cbk, o qsk)Z (£1,8) € K¥(x), then |n;] < @ < 1 fori = 1,2 (see Lemma 3.1),

so 171 +12 > —2. Positivity of ¥}, and ‘I’,, now yields:

le (u)
Wy (u)

d 1
< (m—m) < —2—(1+ (S1—S2)2) (m —12),
t S1
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and so by Gronwall’s inequality,

I (s1G+1)=m2(s1G+ 1)

s1(G+1) 1 VY (M)
< |n% = n9ex (—2f —(1+ P (51— )z)ds)
|771 772| P P ¥, () 1—52 1

s1(j+1) dS1
< |77(1)—71(2)|exp (—2f —)
s1(7) 51

o ol(_s1G) )}
=|! ”2‘(s1<j+1))

. 2
0 ol [ S2 (J +1) )
=M Ml )
| : 2‘( 52(J)
where the final equality follows from the fact that the trajectories lie on hyperbolas, and so

the product s1s; is constant. Observe that if v = (v1,v2) and w = (w1, w;) are two vectors
with n,, = v» /vy and n,, = wp /w1, then

/(v,w) = |arctann, —arctann,,,|,

and so by concavity of 7 + arctann and conformality of the coordinate map ®; o ¢,

Yj (x) < max
0 0
m.m |7]1 nz‘

It follows that

151G+ 1,510,010 =2 (s1G o+ 151G )| <(s2(j+1))2
“\ s20)

k—

s2(k) )2
5200))

1
yi(x) < (

j=0

The desired result now follows from inequality (b) in Lemma 5.4, since by hypothesis g/ (%)

is in the same component of U}, hence G{,(z) €Dy for0<j<k. O

6. Thermodynamics of Young diffeomorphisms

Given a C'*® diffeomorphism f on a compact Riemannian manifold M, we call an
embedded C' disc y ¢ M an unstable disc (resp. stable disc) if for all x,y € y, we have
d(f7(x), f7(y)) = 0 (resp. d(f"(x), f*"(y)) — 0) as n — +co. A collection of embed-
ded C! discs T = {vi}ier 1s a continuous family of unstable discs if there is a Borel subset
K* ¢ M and a homeomorphism @ : K* x D* — | J;y;, where D* c R? is the closed unit
disc for some d < dim M, satisfying:

* The assignment x > ®|(y)xp« is a continuous map from K* to the space of C!
embeddings D" < M, and this assignment can be extended to the closure K*;
* For every x € K*, y = ®({x} x D*) is an unstable disc in I".

Thus the index set 7 may be taken to be K* x {0} ¢ K* x D*. We define continuous families
of stable discs analogously.
A subset A € M has hyperbolic product structure if there is a continuous family T =

{7{'}ier of unstable discs and a continuous family I'* = {yjs. }jeg of stable discs such that
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* dimy} + dimyj =dim M for all i, j;

* the unstable discs are transversal to the stable discs, with an angle uniformly bounded
away from O;

* each unstable disc intersects each stable disc in exactly one point;

A= (Ui?’fl)m(UjV;)-

A subset Ag C A with hyperbolic product structure is an s-subset if the continuous family
of unstable discs defining Ay is the same as the continuous family of unstable discs for A,
and the continuous family of stable discs defining A is a subfamily I'j of the continuous
family of stable discs defining I'y. In other words, if Ag C A has hyperbolic product structure
generated by the families of stable and unstable discs given by I'j and I'j, then A is an
s-subset if ') € ™" and I'§ =T". A u-subset is defined analogously.

Definition 6.1. A C'*® diffeomorphism f : M — M, with M a compact Riemannian
manifold, is a Young’s diffeomorphism if the following conditions are satisfied:

(Y1) There exists A € M (called the base) with hyperbolic product structure, a countable
collection of continuous subfamilies Ff c I'® of stable discs, and positive integers 7;,
i € N, such that the s-subsets

A= rna) cA
yel}

are pairwise disjoint and satisfy:
(@) invariance: for x € Af,

JU () <y’ (ff(x), and  fT((x) ¥ (fT (X)),

where y**(x) denotes the (un)stable disc containing x; and,
(b) Markov property: A} := fTi(A}) is a u-subset of A such that for x € A},

T T)NAD) =y (x)NA, and  fT(M(X)NA)) =y (fT (X)) NA.
(Y2) For y* € I'%, we have
fye (Y NA) >0, and gy (cl((A\U;A) Ny)) =0,

where p1,« is the induced Riemannian leaf volume on y* and cl(A) denotes the closure
of Ain M for AC M.

(Y3) Thereis a € (0,1) so that for any i € N, we have:
(a) For x € A} and y € y*(x),

d(F(x),F(y)) < ad(x,y);
(b) Forx € Af and y € y*(x) NAZ,
d(x,y) < ad(F(x),F(y)),
where F: |; A] — A is the induced map defined by
Flas == fTas-
(Y4) Denote J"F(x) = det|DF|gu(x)|. There exist ¢ > 0 and « € (0, 1) such that:
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(a) Foralln >0, x e F™" (U,«Af) and y € y*(x), we have

n,
]

JUF(F"(x))
T FF (| =

(b) For any i,...,i, € N with F¥(x), F¥(y) € Aj for0<k<nandyey (x), we
have

JUF(F"*(x)) <

JUF(Fn=k(y)) |~

k

(Y5) There is some y* € I'* such that

St (
i=1
We say the tower satisfies the arithmetic condition if the greatest common divisor of the
integers {t;} is 1.
We use the following result to discuss thermodynamics of Young’s diffeomorphisms,
which was originally presented as Proposition 4.1 and Remark 4 in [14].

PROPOSITION 7. Let f : M — M be a C'*? diffeomorphism of a compact smooth Rieman-
nian manifold M satisfying conditions (Y1)-(Y5), and assume 7 is the first return time to
the base of the tower. Then the following hold:

(1) There exists an equilibrium measure u; for the potential @1, which is the unique SRB
measure.

(2) Assume that for some constants C > 0 and 0 < h < hy, (f), with hy, (f) the metric
entropy, we have

A\ :=#{Af ITi = n} <CceM™

Define
1
log A1 = sup sup —log|J“F(x)| < maxlog|J“f(x)| 6.1)
i>1 xe/\S T
and
h—h
to = (/) (6.2)

log Ay =Ry, (f)
Then for every t € (to,1), there exists a measure u; € M(f,Y), where Y =
{fk(x) xeUALO<k<7(x)— 1}, which is a unique equilibrium measure for the
potential ;.

(3) Assume that the tower satisfies the arithmetic condition, and that there is K > 0 such
that for every i > 0, every x,y € A}, and any j €{0,...,7;},

d (7 (0. 7)) < K max{d(x,y),d(F(x), F(y))}. 63)

Then for every ty <t < 1, the measure u; has exponential decay of correlations and
satisfies the Central Limit Theorem with respect to a class of functions which contains
all Holder continuous functions on M.
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7. Young towers over pseudo-Anosov diffeomorphisms

Our argument that smooth pseudo-Anosov diffeomorphisms are Young’s diffeomorphisms
requires the construction of a hyperbolic tower on pseudo-Anosov homeomoprhisms first.
We begin this section by constructing this hyperbolic tower, taking an element of the
Markov partition of the pseudo-Anosov homeomorphism as the base of the tower.

We assume that our pseudo-Anosov homeomorphism f admits only one singularity; the
analysis follows similarly with more singularities, but the notation becomes unwieldy due
to the different numbers of prongs at each singularity. Therefore we state without proof
that the arguments of this section imply that pseudo-Anosov diffeomorphisms admitting
multiple singularities are also Young diffeomorphisms. An example of a pseudo-Anosov
homeomorphism of the genus-2 torus admitting only one singularity may be found in [13].

By Proposition 3, a pseudo-Anosov surface homeomorphism f : M — M admits a
Markov partition of arbitrarily small diameter. Let P be such a Markov partition, and let
P € P be an element of the Markov partition contained in a chart U not intersecting with
the chart Uy of the singularity xo. For x € P, let v*(x) and y*(x) respectively be the con-
nected component of the intersection of the stable and unstable leaves with P containing
X.

Let 7(x) be the first return time of x to IntP for x € P. For x with 7(x) < oo, define:

AS(x) = U Y (),

yeU" (x)\A¥ (x)

where U* (x) C y"(x) is an interval containing x, open in the induced topology of ¥ (x), and
A4 (x) C U (x) is the set of points that either lie on the boundary of the Markov partltlon
or never return to P. One can show the leaf volume of A" (x)is 0, so that foreach y € AS (x),
the leaf volume of y(y) N AS (x) is positive. We further choose our interval U*(x) so that

e forye As(x) we have T(y) = 7(x); and,
e forye P with 7(x) =7(y), we have y € A(z) for some z € P.

One can show the image under f7® of A*(x) is a u-subset containing £ (x), and that
for x,y € P with finite return time, either Ks(x) and A’ (y) are disjoint or coinciding. As
discussed in [14], this gives us a countable collection of disjoint sets K‘i‘ and numbers 7; for
which the pseudo-Anosov homeomorphism f: M — M is a Young map, with s-sets 7\?
inducing times 7;, and tower base

A= Ocl(T\f).
i=1

In the following theorem, Conditions (Y 1’) through (Y5’) are virtually identical to Con-
ditions (Y1) through (Y5) in Definition 6.1. They are reprinted in the following theorem
because pseudo-Anosov homeomorphisms are not true diffeomorphisms, and thus by def-
inition cannot satisfy Conditions (Y1) through (Y5). However, analogous conditions may
be established for pseudo-Anosov homeomorphisms, and these conditions will be used to
show that globally smooth realizations of pseudo-Anosov diffeomorphisms (which are true
diffeomorphisms) are Young’s diffeomorphisms.



28 D. Veconi

THEOREM 7.1. The set A defined above for the pseudo-Anosov homeomorphism f : M —

M satisfies the following conditions:
Y1) A has hyperbolic product structure, and the sets {K; }ieN are pairwise disjoint s-
subsets and satisfy:

(a) invariance: for x € K: ,
@)y (ff (), and [T () DY (X)),
where y*5 (x) den(ges the (un)stable disc containing x; and, B
(b) Markov property: A} := 7 (A}) is a u-subset of A such that for x € A,
FR@UTEINAD) =y (NA, and  fTOMXNAYD =y (f7 () NA.
(Y2') Fory" eT™, we have
Ve (y” HK) >0, and V‘Y(Cl( (K\ lel‘) ﬂy”)) =0,
where v* is the transversal invariant measure with respect to the stable foliation F°

for f.
(Y3’) Thereis a € (0,1) so that for any i € N, we have:
(a) Forx €A} andy € y*(x),

d*(F(x), F(y)) < ad’(x,y);
(b) For x € 1~\f and y € y*(x) ﬂxf,
d*(x,y) < ad"(F(x),F(y)),
where F : | J; 7\‘1? > A is the induced map defined by
Flg, = o IAs
and d* and g” are the distances in the stable and unstable leaves of the foliations F*
and % in P, given respectively by v* and v°.

(Y4") Denote J*F(x) = det|DF|Eu(x)_L There exist ¢ > 0 and « € (0,1) such that:
(a) Foralln >0, xe F™" (UiAf> and y € y*(x), we have

‘ JUF(F(x))

FEE ()| =

= bl

(b) For any iy,...,i, € N with Fk(x),Fk(y) S K[‘k for 0 <k <nmandyey“(x), we
have
JUF(F"k(x))
og————
JUF (Fn=k(y))

(Y5’) There is some y* € T“ such that

ZTivS(Kf Ny*) < oo,

i=1
Proof. Properties (Y1), (Y3’), and (Y4’) all follow from Proposition 1. Property (Y2’)
follows because x € cl( (A \ UiAf) Nvy*) implies either that x € P or 7(x) = oo, both of
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which happen on a set of Lebesgue measure 0 (and the smooth measure for pseudo-Anosov
homeomorphisms has density with respect to Lebesgue measure). And since 7 is a first
return time, (Y5’) follows from Kac’s theorem. O

The next lemma gives a bound on the number S, of distinct s-subsets K‘i‘ with a given
inducing time7; = n. Since the pseudo-Anosov homeomorphism f is topologically con-
jugate to the smooth realization g, this will eventually give us an analogous bound on
the number of distinct s-subsets for the base of the tower for g. (See Condition (2) of
Proposition 7.)

LEMMA 7.2. There exists h < hp(f) such that S, < e where S, is the number of s-sets
A? with inducing time T; = n.

Proof. The proof is analogous to [14], Lemma 6.1, since pseudo-Anosov homeomorphisms
admit finite Markov partitions. O

Let H: M — M be the conjugacy map so that go H = Ho f, and let P = H(P), P =
H(P). Then P is a Markov partition for the pseudo-Anosov diffeomorphism (M, g), and P
is a partition element. By continuity of H, we may assume the elements of ¥ have arbitrar-
ily small diameter. Further let A = H (K). Then A has direct hyperbolic product structure
with full length stable and unstable curves y* (x) = H(y*(x)) and y*(x) = H(y"(x)). Then
Al = H(1~\f) are s-sets and AY = H(K;‘) =g" (A}), where 7; = 7; for each i, and 7(x) = 7;
whenever x € A7

Recall Uy = )L, ¢;1 (Dy,)- If there is only one singularity, Uy = ¢, '(Dy,). Given
QO > 0, we can take r¢ in the construction of g to be so small and refine the partition P so
that the partition element P (and hence P) may be chosen so that

g"(x)gUyforany0<n<Q (7.1)

and any x so that either x € P, or x ¢ Uy while g~ (x) € Up.

We now prove the set A = H (K) constructed above is the base of a Young tower on
M for the diffeomorphism g. Properties (Y1), (Y2), and (Y5) are straightforward to verify.
Our strategy in proving these conditions, along with (Y3), is similar to that used in [14], but
we restate it here for the reader’s convenience. The main difference between the argument
used for these pseudo-Anosov diffeomorphisms and the Katok map comes in proving (Y4),
where we use a local trivialization of our surface M as opposed to the universal cover of
T? by R2.

THEOREM 7.3. The collection of s-subsets A] = H(K‘f) satisfies conditions (Y1) - (Y5),
making the smooth pseudo-Anosov diffeomorphism g : M — M a Young’s diffeomorphism.

Proof. Condition (Y1) follows from the corresponding properties of the pseudo-Anosov
homeomorphism f since H is a topological conjugacy. The fact that py« (y*NA) > 0
follows from the corresponding property for the ¥* leaves. Suppose x € cl( (A \Ui A} ) N
v"*). Then either x lies on the boundary of the Markov partition element P, or 7(x) = oo,
and since both the Markov partition boundary and the set of x € P with 7(x) = oo are
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Lebesgue null, we get condition (Y2). Condition (Y5) follows from Kac’s formula, since
the inducing times are first return times to the base of the tower.

To prove condition (Y3), define the itinerary I (x) ={0=np <n; <:---<nap+1 =7(x)} C
Z of a point x € A, with L = L(x), so that gk(x) € Uy if and only if ny;_1 < k < ny; for
Jj = 1. Assume A is small enough so that 7 (x) = 7 (y) whenever y € y(x) C A.

Let x € A}, y € ¥*(x) Cc Aj. Denote x, = g"(x) and y, = g"(y). Note y*(x) € F°(x).
By invariance of the stable and unstable measured foliations #° and #“, y, lies on the
stable curve F *(x,) through x, for every n > 1. For ny; <n <najy1, Tx, F° (x,) = E} lies
inside Cy; in fact one can show that ¥ (x,,) is an admissible manifold. Thus the segment
of ¥9(x,) joining x, and y, expands uniformly under the homeomorphism f~!. Due to
our choice of the number Q, there is a number S € (0, 1) such that

d (xnzjﬂ,ynzjﬂ) < priniThig (x,,zj,ynzj) < p2d (x,,zj,ynzj) . (7.2)

Now we consider nyj_; < n < ny;. Let [mjl,m]z] c [ngj_l,nzj - 1] be the largest interval
(possibly empty) with x,, in the closure of U, = ¢61 (Dﬁ (0)) for every n € [m]lmjz] By
virtue of Lemma 5.2, there is a uniform 7" > 0 with m]1 —nyj—1 <T and ny; — m]2 <T. Thus

there is a constant C > 0 so that
d(xmjl_, ym;) < Cd(xny_>Yny;y) and  d(xny; Yny,) < Cd(xmi,ym%). (7.3)

Now, let s(¢) and s(¢) be solutions to equation (3.1) with s(0) = Xl and 5(0) = Yl
Assumption (1) of Lemma 5.5 is satisfied since y, lies in the stable cone of x,, for every
n, and Assumption (2) can be assured if our choice of ry in the slowdown construction
of the pseudo-Anosov diffeomorphism is chosen to be sufficiently small. So by the final
inequality of this lemma, letting a = mJ] and b = m?, we get:

||s«—1+a2%nm<m;>n-

”As

()

Let Agjs(t) = (I),:} (5(0)) - (I),:} (s(1)). Because @y is uniformly bounded above and below,
there is a constant K > 0 such that for every ¢ for which s(¢) and s(¢) are defined,

K7 As@| < 1As@)l < K |Aeys@)])- (7.4)

and since the Riemannian metric in U is given in coordinates by di} + dr3 =

(CD,;]I)* (ds% + ds%), we get “Akjs(n)H =d(xp,y,) forne [mjlmjz] Therefore, combining
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this observation with (7.4), (7.2), (7.3), and (5.1), we get:

2
d (xnz_f’ynz_/) < CK*l1+a? - (mj) d (xm},ym})

)
o)
< C’K*\1 +a? 4 d(x”l2j—l’yn2j—1)
e ol

2

)

Since s (mjz) and s» (m}) are each of order rg, their quotient is uniformly bounded, so
assuming Q is sufficiently large, there is a 0 < 8; < 1 for which

d (X Yy ) < 01 (X Vi ) (1.5)

and a similar bound holds for odd indices of the itinerary. It follows that

d (g (0,8 () <o d(x.y),

where L is determined by the itinerary 7 (x). Condition (Y3a) follows, and (Y3b) follows
by the same argument applied to g~

To prove condition (Y4), we prove condition (Y4a) and note that (Y4b) can be proved
similarly by considering g~' instead of g. We use the following general statement,
originally presented as Lemma 6.3 in [14]:

LEMMA 74. Let {A,}, {Bn}, 0 <n < N, be two collections of linear transformations ofRd.
Given a subspace E c R, let K = K(E,0) denote the cone of angle 6 around E. Assume
the subspace E is such that:

(a) An(K) C K forall n;
(b) There are y,, > 0 such that for each n, and for any unit vectors v,w € K,

LA, Apw) < ypt(v,w);
(c) There are d > 0 and 6, > 0 such that for each n > 0, and every v € K,
lAny = Bpvll < dén l|Anvl;
(d) There is ¢ > 0 independent of n such that for every v € K,
AV Z cllvll.

Then there is a C > 0, independent of the choice of linear transformations {A,} and {B,},
such that for every v,w € K,

1o Any

[ y N n
ogm SC(an_Oén+£(v,W)Znyk)_ (7.6)

n=0 k=0

1
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Let x € P with N :=7(x) —1 < 00, and let y € y*(x) C P. For each n > 0, once again
let x,, = g"(x) and y, = g"(y), and in each tangent space Ty, M, let K;} = K*(x,) c Ty, M
denote the cone of angle arctana around E*(x,) described in Lemma 3.1. By this lemma,
the sequence O of cones {K,'} is invariant under Dg. For each n, denote A, = Dgy, Ty, M —
T, M and B, = Dgy, : Ty,M — T, . M. Further, since y, lies on the stable leaf of x,

Xn+1
for all n, let P, : Ty, M — Ty, M denote parallel translation along the segment of the stable
leaf connecting y, to x,, and denote B = Py OB oP, L. :Ty,M — T, M. Using the

orthonormal coordinates (£1,&>) for Ty, M defined previously, so that £ denotes the unsta-
ble direction and &, denotes the stable direction (see the discussion preceding Proposition
6), we may isometrically identify each tangent space T, M with R? with the Euclidean
metric. Call this isometry =, : T, M — R2, and denote A, = 5,41 © Zn o E;l ‘R > RZand
B,=Z,410 En o E;l ‘R2 5 R2. Also let K = E (KD c RZ. Since =,, is an isometry and
K} is a cone of angle arctan @ for each n, K is independent of n and is thus well-defined.
Finally, define the numbers d = d(x, y), as well as

L(Apv, Apw) 1 [A,v =Byl
Yn= max —~ - and 6, m X} _

v,wek L(v,w) dveK\ [|Anv]|
vil=lwil=1
for each n > 0.

The final step in proving our pseudo-Anosov diffeomorphism g is a Young’s diffeomor-
phism relies on the following technical lemma. Its proof is somewhat similar to the proof
of Lemma 6.4 in [14], but requires some modifications related to the subtle differences in
the slowdown function used in the Katok map as opposed to our pseudo-Anosov diffeo-
morphism g, as well as to the fact that the universal cover of a surface that is not a torus is
not R2.

LEMMA 7.5. The linear operators A,, and B,,, as well as the cone K, all satisfy the condi-
tions of Lemma 7.4 using v,, 0, d, and N = 7(x) — 1 defined above. Furthermore, there
are constants C > 0 and 0 < 8, < 1, independent of x € P, such that:

T(x)-1 7(x)-1 n 7(x)-1

Zan<5, Znyk<a and 1—[)/”<62.
n=0

n=0 n=0 k=0

Proof of Lemma 7.5. Condition (a) of Lemma 7.4 follows from the definition of A,,, the
invariance of the cone family K, under Zn and the fact that =, : T, , M — RZisan isometry
for every n. Conditions (b) and (c) of Lemma 7.4 follow from the definitions of y,, and §,,.
Finally, condition (d) of Lemma 7.4 follows from the fact that g is a diffeomorphism and
E, is an isometry, so ||A,|| = HE"“ oDgy, © E;l H is uniformly bounded away from 0.

We begin by proving summability of J,. Assume diamP < p, where p is the injec-
tivity radius of M. Since y, € y*(x,) and d(x,,y,) < p, the tangent vector v, =
(expxn) |;31(p’n)(yn) lies in the stable cone K, c T, M, where B(p,n) ={v €T M :||v]| <
p}. By symmetry of the vector field (3.1), we only need to consider the behavior of the
trajectories {x,} and {y,} in the “upper subsector” S; N SJ’.‘, corresponding to the first quad-
rant in coordinates given by ®; o ¢g. (Here we denote SS S“ and @; to be the subsets
and functions described earlier as SS S , and @y, where we did not assume we only
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had one singularity.) Further assume 55 := Im (CDj(¢0(y))) > 57 :=Im (d)j(dno(x))), so that
As; =753 — 55 > 0. Otherwise, exchange the sequences {x,} and {y,}.

Recall the itinerary 7 (x) ={0=n¢p <n; <--- <mnpp4+1 = 7(x)} C Z of the point x € A,
defined via x, € Uy if and only if ny;_1 < n < nyj. Consider ny; < n < nyjy1, 50 x, ¢ Up.
In coordinates, g(s1, s2) = (451, 171s5), so A,, = B,, are constant matrices, so &, = 0.

Suppose now that nyj,1 < n < nyj42. Denote by D(sy,s2) the coefficient matrix of the
variational equations of (3.1), given explicitly by

W) +2s57¥, ) 25152%, () ] . (7.7

D(s1,52) =log 4 [ ~2s152Wp () =¥ (u) =253 (w)

Let s(¢), 5(7) : [n,n+1] = R2 be solutions to (3.1) with initial condition s(n) = x,, and
s(n) = y,, and let A, (¢) and B,,(¢) be the 2 x 2 Jacobian matrices

An(6)=d(0) ((Pejodx) (xa)) and  Bu(t) = d(6)) ((Pxjo di) ()

where 6, : R — R? is the time-¢ map of the flow of 3.1 on R?, for n <t < n+ 1. Then
A, (1) = A, and B, (1) = B, from before, and A, (t) and B, (¢) are the unique solutions to
the systems of differential equations

dAn (1)

dt
with initial conditions A, (0) = B, (0) = Id. It follows that A, (t) — B,,(¢t) satisfies the
differential equation
dAn(r)  dB,(t)

dt dt

=D(s(n+1))A,(t) and

dB,(1) . _
i =D(s(n+1))B,(1)

= (D(s(n+1)=D((n+1))An () + D(5(n+1))(An(t) = Ba(1)).

Using the integrating factor exp fot D(s(n+71))dt = B,(t), this implies

t
An(t)_Bn(t)an(t)f B,(t) ' (D(s(n+1)) = D(5(n+1)))Ap(t)dr.  (7.8)
0

Note ||D(s) = D(3)|| < |10D(&)]l||As]|, where dD(s) denotes the total derivative of the
matrix D(s1,s2) and & = (£1,&7), with min{s;,s;} < & < max{s;,s;}. This, in conjunction
with (7.8) and Lemma 5.3, gives us:

llAn = Bull < ||Bn(1>||0supl1|Bn<r>”\| 1A ID(s(n+7)) = DG(n+7))|
< ||Bn(1>||0sup11|Bn<r>”\| AR (@INODEn+T)IAs(n+ 7))

(p—4)/2
<Cp sup (£+8)7 T+ As(+ 1), (7.9)
0<r<l1
where C,, is a constant that depends on p, but not on n (as the matrices B, (¢) and A, (t) are
uniformly bounded above and below in n and in 7).
By condition (4) of Lemma 7.4 and the definition of d,,,

1 1d (XnyersYis) (1A, = Byl
n < ”An_Bn”:_' .
Cd(x’y) ¢ d(x’y) d(xnz.i+l’y"2,i+l)
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We now claim that

najyn—1
An— B,
Dji= ) MAZBAL (7.10)

n=n2j+1 d (xn2j+l’ yn2j+1 )

where C is a constant independent of j. If this is true, then because 6, = 0 for ny; < n <
nj+1, by (7.5),

7(x) L mj+a-l L 1 d<xnzj+1’y"2j+1) ! |An — Ball
o, = - /..~ T
2 2 _szﬂ n ; c d(x,y) nnape d (xnz_f+1’y"2j+1)

and because 6 is independent of x,y € P, and ¢ and C are both of order sup,, [|A,|l, Cis
also independent of our choice of x and y.

Recall that [m]l,mjz] c [n2 Jj+1ny0— 1] is the largest (possibly empty) interval of
integers with x,, € D7 for each n € [m1 mz] and [m1 T-] is the largest time inter-
val for which s;() < s2(t) for all m} <t <7 If [m mf] is empty, then s(f) €
(Cij o ¢k) (D;O \D71) forallt € [n2j+],n21+2 - 1]. In this instance, by Lemma 5.2, npj42 —
nzj+1 < T is uniformly bounded, and hence (7.10) is a sum of uniformly boundedly many
terms that are uniformly bounded, by (7.9).

Now suppose [ml mz] is nonempty. The sum in (7.10) splits into four different sums:

ml-1 T:—1 m?2 Norin—1
J J J 2j+2
”An_Bn”
D= ) o+ >+ —n ol (7.11)
n=nyj+1 n:m}. =T; n:m%+l d(x”2j+1’y”21+1)

We show that each of these sums is themselves uniformly bounded. This is true for
the first and fourth sum, because in these instances, s(#) is in the annular region
(CDk jo ¢k) (D;0 \ D7, ), and so the number of summands is uniformly bounded by Lemma

To show this for the middle two sums, note that since 5(¢) € R? is in the stable cone of
s(t) for all ¢ in the domain, we have

|Asi| < aAsy < Ass. (7.12)

First, suppose m]1 <n<T;-1,sothat 51(¢) < s2(¢). We would like to apply Lemma (5.5)
2(”" ) 1-
so(m ,1) s 72 .
be sufficiently small and Q in (7.1) to be sufficiently large. Applying Lemma (5.5) for

in the interval [m},n], SO we require This is attainable by choosing r( to
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n<Tij—1,and 0 <7 <1, we get:

[As(n+71)| < 2As2(n+71)

Asz(m}) p-2 = | -8
—lsz(n+‘r)(1+2 7 Cosa(m!) 7 (n+‘r—mj))
SZ(mj)

Asz(mjl-) [ 24 1 -B
—lsz(n+‘r)(l+Cosz(mj) P (n+‘r—mj)) (7.13)
sz(mj

since B =2"CGP2/P(1 —a) > 0. Recalling £(f) = (£,(1),&2(1)) is such that min{s;,5;} <
& <max{s;,s;} fori = 1,2, (5.4) gives us

s3(0) < (61+83) (0 <21+ K)253(1) < Cs3(1)

as Kk = %2 < 17_—2" Estimates (7.9) and (7.13) give us:
1An — Bull
_ clasenp]

2p—4 R | -B
sup so(n+71) P (1+Cosz(mj) P (n+‘r—mj)) ,
Sz(m) 0<r<l1

where we are using the fact that |Asy| < ||As||. Applying Lemma 5.4(b) on the interval
[mjln + 1] gives us
1An — Bull

o]

2p—4
sup s (m) G (1+C0sz(m]1-)17(n+‘r—m}))
sz(m) 0<r<l

1 122 1,22 N
:C||As(mj)”s2(mj) Z (1+C0s2(mj) v (n—mj)) .

We make three observations. First, recalling that n = m is the first time that s(n) is within

71 of the origin, we observe that s (m ) is bounded above and below by a constant multiple

of 71, independent of x € Aor j =1,..., L. Second, HAs(mj)H = (xml‘,ym[ ), by definition
J J

of our Riemannian metric in Uy. Third, since Lemma 5.1 implies m]1 —nyj41 is bounded by

d(x 1Y 1)
a value independent of x or j, the value ﬁ is uniformly bounded independently
X2j+15Y2j+1
of x,y € Aor j > 1. These three observations 1mpjly
”An_Bn” ( 1,224 1 1B
————— < C|1+Cysa(m;) » (n—m-)) .
d (xX2n+1, Y2n+1) / /
Therefore,
T;-1 o0
”An_Bn” ( 1,224 1 1=k
P < N (14 Cosam) T -m)
L d(X2n+1, Y2n+1) Zl ! /
n=m: n=m.

J

which is uniformly bounded in j. Therefore the second term in (7.11) is uniformly bounded
in j.
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Finally, we turn our attention to the case where T; < n < m?, where we have s1 > s».

By symmetry, we have that 7} > (ml2 +m; —2) /2. By (7.12) and the second inequality in
Lemma 5.5, we have:

[|[As(n+7)|| < 2As2(n+71)

( 1420-2/PCys, (mlz')(2p—4)/n (mJZ_ -n-1) )ﬁ

1+2=21p Cos1 (m) CP=H/P (m; = T)

Since min{s;,s;} < & < max{s;,s;} for i = 1,2, we have s; — |As;| < & < s; +|As;|. In
particular,

2 2
A A
f%+.f§zﬁZ(sl—mm)z:s%(l—' s") 2sf(1—£) > 18,
S1 S1

and

A 2
E1+E < (s1+1As1) + (s2+1As2)” < 2(s1 +As52)” =25 (1 + —”) < Cs,
1

which both follow because Ay—fz is monotonically decreasing by (5.10). Together, these two
estimates imply

)(p—4)/2p

(fl(n+T)2+§2(n+T)2 SCsl(n+~r)(P‘4)/P_

Applying (7.9) and inequality (a) in Lemma 5.4 to these inequalities gives us:

|Ay = Bull < C sup [sl(nw)(ﬁ—‘”“’||As(n+r>||

0<7<l1

p=2 =N
pa [ 14277 Cgsl(mj) P (mj—n—‘r)

Asa(Tj)
<2C o Sup si(n+71)° P — _
s1(T}) o<r<1 1+27C0S1(M§)T(m]2—7})
22 = B-17
ASZ(T]) 2 2p—4 (1+2 4 CUSl(mj) 2 (mj_n_T))
<2C —S1 m]) 2 sup
Sl(Tj) 0<7<I

p=2 2p-4 B
(1+2 » Cosl(mjz.) v (mf.—Tj))
By (5.6), since sl(mjz.) and s2(m Jl.) are uniformly bounded,

|As2(T7)|

|As>(T))|
s1(T5)

52(T5)
|As2(m})]
<

51(m2) PP 51(m2) PP

2y\2p-4)/p !
s1(m* < C|Asa(m;)].
) 1(m2) |As2(m})|
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[Asz(m))|

Furthermore, since
d(x"2j+l’y”2j+l )

is uniformly bounded, we finally obtain:

p=2 2 2p—4 ) p-1
|An — Byl (1+2 7 Cosi(m;)» (mj—n))
<C

2 2p—4 B
d(anjﬂv.Vrlz_,-n) (] +2pTC031(m]2)l;7;(m]2‘_7}))

Therefore,

2
mj

”An_Bn”

p=2 PN =) Ed
—n ot gC(1+2 r Cosi(my) v (mj—Tj))
n=T; d<xn2j+1’yn2j+1)

m?

- p2 2p4 B-1
x Y (1+2 7 Cos1(m2) 7 (mj.—n))

n=T}

p=2 QT B
gc(1+2 7 Cosi (m7) P (mj—T]-))

m;=T; p=2 5 =t \A-l
X 1+f (1+2 Z Cosl(mj) P T) dr
0

p-2 = e
SC(1+2 » Cosi(my) P (mj_Tj))

p=2 = p=2\B
(1+2 P Cosl(mj) P (mj—Tj) P )
x| 1+

p=2 5, 2274
2P Cosl(mj) P ﬁ

p-2 2p—4 -1
SC(1+(2p’r']” co/;) )

where the second inequality follows from the fact that the integrand is a decreasing function
of 7, and the final inequality follows from the fact that r} < sl(mjz.) by definition of mj2
Therefore the third sum of (7.11) is uniformly bounded. This completes the proof that ¢, is
a summable sequence.

We now prove the estimates involving yy. For n € [nzj,n2 el — 1] , we have x,,y, ¢ U,
where Dg,  and Dgy are constant hyperbolic linear transformations. For these values for
n, the maps contract angles uniformly, so there is a y > 0 for which y,, <y < 1 for all n.

Forn e [ml,mz.], we have x,, € U, so applying Lemma 5.6,

J

m2-1

I (1+ Cosalmp) =17 (e = mj ))

n=m!
i

-r/(p=2)

>

< (1+C(m12.—m1-

! ))—P/(p—l)

since s2(m}) is uniformly bounded. Because the interval of integers [mjl,mjz] differs from

[ng 11242 — 1] by a finite set, and the cardinality of this finite set is uniformly bounded
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in j by Lemma 5.1, there is a uniform constant C’ > 0 for which
njp—1 p-2)
’ 2 1\\~P/P= ’
l_[ 7nSC(l+C(mj—mj)) <C.
J=naj4
In particular,
njp—1
Yn < Cly™i+170 < 63, (7.14)
n=ny;
for some constant 83 > 0. The third estimate of the lemma follows.
To prove the second and final estimate of the lemma, we observe that a similar estimate
to (7.14) may be made with the upper limit replaced with nj,; — 1. In particular, for ny;, <
n<nyjp—1,

n
[T wsc( +Cln=-nyye)) "'
k=nyj1
and
nyji—1
1_[ Yn < 0]
n=ny;

for some 95 > 0 that is uniformly bounded. Therefore,

7(x) n L(x)mj+2-1 n L(x) (mj—-1 mjun-1 5
2l =2y 2 [ e=2 [ [ 20 [ [
n=0 k=0 j=0 n=mj; k=0 j=0 n=nyj k=nyj
L(x) mjy—1 p nojy1—1 nojy2-1
J
< 2% 2 [lme [ e 2, [T
n=nyj k= =ny; k= =ny; n=nyji1 k= =N2j+1
L(x) njy—1 nyjso—1
-p/(p-2)
< Z Y 40 Z 1+C(n=ny1))
Jj=0 n=ny; nj+1

Because the two sums in the inner parentheses above are both uniformly bounded, there is

a C” > 0 for which
T(x) n L(x)

2| [rescr e

n=0 k=0
which gives us the second estimate in the lemma. O

We continue with the proof of the theorem. Observe that

7(x)-1

E;(lx)o 1_[ A0y (v):D(gT(x))xv YveTyM,
n=0
and
T(x)-1
Pl 0B, 0 BnoEgo Py |(v) =D(g™™) v YveT,M.

n=0
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In particular, since both =Z,, and P,, are linear isometries for all n > 0, we have

T(x)—1

1—[ AV

n=0

o () | vverm

and
T(x)-1
]_[ B,W
n=0
where v = Egv € R? and w = (Eg 0 Py)w € R2. Additionally, forv e T, M andw €T, M,

z (Dgx,,, v, (Pn+l o Dgy,, ) W) =/ (AnV, BnW) s

where here v = Z,,v and w = (E,, o P,)w.
Now, suppose v € K*(x) and w € K*(y), and once again denote v = Zgv and w = (Eg o
Py)w. Since Pyw € K*(x), Lemmas 7.4 and 7.5 yield:

el S S O 11
o, || s e

where we are using the fact that £ (v, Pow) = /£ (v,w). Furthermore, for v € T, M and w €
Ty M, the definition of 7y, and Lemma 7.5 give us:

() s, )0
£(v, Pyw)
(-1, (Dgx,. (Dgv), (Pn+1 ODgyn) (Dg;’w))
£(Dg™v, P, (Dgl'w))

= HD (g‘r(x))ywH YweTyM,

< CC(d(x,y)+ £ (v, Pow)) (7.15)

n=0
O £ (A (B (Dgv)) B ((En o Pu) (Pgiw)))
w0 £(En(Div).(EnoPu) (Deyw))

T(x)-1
[T =0 (7.16)
n=0

IA

Denote G : A — A by G(x) = g™ (x). If v € E¥ (G"(x)) and w" € E* (G"(y)), then
there are v € E*(x) and w € E*(y) such that v" DG”v and w" DG”w By (7.15), (7.16),
and condition (Y3),

[PG6nc"|

log ”DG

< C(“:’(d((g‘r(x))"(x)’ (g‘r(x))n(y))

Grn" H

(x) ()" )
+A(D(g ) v, P D (g )yw )
< CC(a"d(x,y) + 62 £ (v, Pow)).

Since 0 < a,0, < 1, this proves (Y4)(a).
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8. Proof of Theorem 4.1

We now drop our assumption that the pseudo-Anosov diffeomorphism g admits only one
singularity. By Proposition 7 and Theorem 7.3, since g : M — M 1is a Young’s diffeomor-
phism, the geometric potential ¢;(x) = —log|Dglgu(x)| admits an equilibrium measure,
which is the unique g-invariant SRB measure. This is the same measure as g introduced
in Proposition 5, as y; is absolutely continuous along the unstable foliations and thus an
SRB measure. (This justifies our use of the notation y; to describe this measure).

By Proposition 4, the pseudo-Anosov homeomorphism f and the pseudo-Anosov dif-
feomorphism g possess the same topological and combinatorial data, including topological
entropy. Thus the number S, of s-sets A7 C A with inducing time 7; = n for g is the same for
both f and g. Therefore by Lemma 7.2, there is an & < hop(g) = hyop(f) such that S, < e

Recall that v is the measure on M given locally by the product of lengths of local stable
and unstable leaves described in Theorem 2, and y; is the measure given by the Riemannian
metric { described in Proposition 5. By Theorem 2, v has a density with respect to ujp,
which vanishes at the singularities. By Proposition 10.13 and Lemma 10.22 of [7], A, (f) =
hwop(f) =log A4, so in fact & < h, (f). Since v = p; on M\ Uy, and u;(Uy) may be made
arbitrarily small by shrinking r( if necessary, the Pesin entropy formula implies

hy, (8) =f log|Dglgu (x| dpi (x)
M

:f log/ldv+f log|Dglgu x| dui (x) < by (f) +e, (8.1)
M\ Uy Uy

where & > 0 is as small as we need. From this we conclude that 7 < h,, (g). Hence by
Proposition 7, there is a 7y < 0 for which for all ¢ € (¢g, 1), there is a measure g, on P that
is an equilibrium state for the geometric 7-potential ¢;.

Since f is Bernoulli, every power of f is ergodic, so f satisfies the arithmetic condition.
Since f and g are topologically conjugate, this is also true for g.

We now prove (6.3). If x,y € A and y € y*(x), the distance d (ff(x)ff (y)) decreases
with j. On the other hand, if y € y*(x), then d (f/(x), f/(y)) increases with j, but is
bounded by diam P when j = 7(x). An application of the triangle inequality and hyperbolic
product structure of A now yields (6.3). It now follows that u, has exponential decay of
correlations and satisfies the Central Limit Theorem, by Proposition 7. Since (M, g, u;)
has exponential decay of correlations, this dynamical system is mixing. By Theorem 2.3 in
[18], (M, g, ;) is Bernoulli.

To show r¢ may be chosen to accommodate any ¢y, we show that as ro — 0, we may take
to — —oo. Fix € > 0, and choose x € Af . Recall g = f outside of ‘L?U; in particular, the local
stable and unstable leaves are unchanged outside of 770. Assume x is a generic point for
the SRB measure y;. Let ‘L~12 = Ukm=1 (blzl (D;] /4), and write 7; as

N
T = Z nj,
J=1
where the integers n; are chosen like so:

* The integer n; is the first time when g"!(x) € ‘L~{0 \(L72;
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* The integer n, is the first time after ny when g"1*""2(x) € 172;
* the number nj3 is the first time after n; + ny when g™ ™% (x) € Uy \ Uy;
* the number ny is the first time after ny + np +n3 when g™ *"2+3+1 (x) ¢ Y,

and so on. It is possible that some n; may be equal to 0, but this does not change our
calculations. Observe Q < n, where Q is the number from (7.1). If rg is sufficiently small,
Q is large enough to ensure that

log|J*g™ (x)| < ni(logd+e¢). (8.2)

By (7.7), for x € ﬂo \7:72, we have log|J“g(x)| < log N for some constant N independent
of ¢ or of the number of prongs p. Therefore,

log|J“g"™ (x)| < nplogN and log|J“g™(x)| < nalogN. (8.3)

For x € Uy, if x is in a neighborhood of a singularity with p prongs, ¥,(u) =

2p—4 . _ 2p—4
£ @P=DIP (p-2Ip and ¥, @) = ”Tz (’7’)(’ P =ap, By (7.7), for such points x,
log|J“g(x)| < logA. Therefore,
log|J*g"™ (x)| < n3logA. 8.4

Similar estimates hold for the other n;. Observe that

S

log|[J“G(x)] < Y log | g™ ™" (g (1)) (8.5)
j=1
Similarly to Lemma 5.2, the number of iterates the orbit of x spends in 'I:Zo \’L72 is bounded
above by a constant 7] independent of both r¢ and p. It follows from (8.2)-(8.5) and the
definition of A; in (6.1) that

2T log N

logd; <logd+e+ <logd+2e¢.

Meanwhile, (8.1) implies that for sufficiently small ro,

f log|Dgleu (x| dpi(x) —log | < e, (8.6)
M

or equivalently,
logd—& < hy, (g) <logd+e.

Furthermore, one can show logA; > hy, (g) (see Remark 3 in [14], which is a general
statement about Young diffeomorphisms). Therefore,

logd—& < hy, () <logd; <logad+2e.

It follows that the difference log A1 — A, (g) can be made arbitrarily small if ¢ is chosen to
be sufficiently small. By (6.2), this shows that #) — —oo0 as ry — O.

We now show how yu, may be extended to a measure on M, as opposed to a measure
only on images of the base of the tower. Suppose we have another element P of the Markov
partition satisfying (7.1). As above, there is aty= to(ﬁ) < 0 for which for every ¢t € (to, 1),
there is a unique equilibrium state g, for the geometric ¢-potential among all measures u for
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which p(ﬁ) > 0, and g, (U) > 0 for all open sets U c P. Since g is topologically conjugate
to a Bernoulli shift, g is topologically transitive. Therefore for any open sets UcPand
U c P, there is an integer k > 0 for which gk(ﬁ )N U # 0. By invariance of y; and y, under
g, it follows that u, = ;.

Consider now an element of the Markov partition that does not satisfy (7.1). If rg is suf-
ficiently small, the union of all partition elements satisfying (7.1) form a closed set Z C M,
whose complement is a neighborhood of the singular set S with each component contain-
ing a single singularity. If w is a g-invariant probability measure that does not give weight
to partition elements in Z, then w is a convex combination of the §-measures concentrated
at the singularities. If P is our partition element in the proof of Theorem 7.3, we observe
w(P) =0, so w is clearly out of consideration as an equilibrium measure for ¢;. So any
equilibrium measure for (M, g) must charge partition elements in Z. Therefore, set

to= max to(P).
PeP, PNZ#0

Since t) — —oo0 as ro — 0 and w, (P) > 0 for t(p <t < 1, this #¢ suffices for the first statement
of Theorem 4.1.

To prove Statement 2 of Theorem 4.1, suppose w is an invariant ergodic Borel
probability measure. By the Margulis-Ruelle inequality,

hw(g)sf longglEu(x>|dw(x)=—f prdw.
M M

Hence h, (f) + f ¢1dw < 0. If w has only 0 as a nonnegative Lyapunov exponent almost
everywhere, then log|Dg|g« (x)| = 0 w-a.e. The only point at which log|Dglgu(x)| = 0 is at
the singularities of g, so w is a convex combination of the 5-measures at the singularities.
In this instance, we have &, (g) + f p1dw =0, so P(p1) =0, and w is an equilibrium state
for ¢.

On the other hand, part 1 of Proposition 7 guarantees the existence of an SRB measure
p1 for g. In particular, u; is a smooth measure, so by the Pesin entropy formula, &, (f) +
f @1du =0, so pu is also an equilibrium measure. Any other equilibrium measure with
positive Lyapunov exponents also satisfies the entropy formula. By [11], such a measure is
also an SRB measure, and by [17], this SRB measure is unique. This proves Statement 2.

Finally, to prove Statement 3 of Theorem 4.1, fix # > 1, and let w be an ergodic measure
for g. Again, by the Margulis-Ruelle inequality,

ho(g) < tflongglEu(x)l dw,

with equality if and only if f log|Dglgu(x)| dw = 0. In particular, we have equality if and
only if w has zero Lyapunov exponents w-a.e. As we saw, the only measures satisfying
this are convex combinations of §-measures at singularities, so /., (g) + f ¢ dw <0, with
equality only for w = }} 4;6y,, with } 4; = 1. Hence the only equilibrium states for ¢, with
t > 1 are convex combinations of d-measures at singularities.
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