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ABSTRACT. We develop a thermodynamic formalism for a smooth realization
of pseudo-Anosov surface homeomorphisms. In this realization, the singular-
ities of the pseudo-Anosov map are assumed to be fixed, and the trajectories
are slowed down so the differential is the identity at these points. Using Young
towers, we prove existence and uniqueness of equilibrium states for geometric
t-potentials. This family of equilibrium states includes a unique SRB measure
and a measure of maximal entropy, the latter of which has exponential decay
of correlations and the Central Limit Theorem.

1. INTRODUCTION

In [4], W. Thurston classified linear automomorphisms of the torus into three
classes, according to the eigenvalues of the automorphism A € SL(2,Z):

e Diagonalizable automorphisms with eigenvalues of modulus 1 (rotations);
e Nondiagonalizable automorphisms (Dehn twists);
e Automorphisms with eigenvalues of modulus # 1 (Anosov diffeomorphisms).

In this same work, Thurston went on to classify homeomorphisms of any surface up
to isotopy class. The principle was quite similar, and is now known as the Nielson-
Thurston classification of elements of mapping class groups. This is summarized in
the following theorem:

Theorem. Let M be a compact orientable surface, and let f : M — M be a
homeomorphism. Then f is isotopic to a homeomorphism F satisfying exactly one
of the following three conditions:

e F is a rotation: There is an integer n for which F™ = 1d.
e I is reducible: There is a closed curve in M which F leaves invariant.
o F is pseudo-Anosov.

Of these three isotopy classes, from a dynamical systems perspective, the pseudo-
Anosov maps are the most interesting. The most familiar example of a pseudo-
Anosov map is the Arnold “cat map” of the two-dimensional torus T?, which is
in fact an Anosov diffeomorphism. No other surface admits an Anosov diffeomor-
phism, but pseudo-Anosov homeomorphisms of surfaces besides T? form an analogy
of Anosov maps to other surfaces. Like their Anosov cousins, pseudo-Anosov maps
admit a pair of transverse foliations of the state space, and the map uniformly
contracts points along the leaves of one foliation and uniformly dilates points along
the leaves of the other. In the traditional definition of a pseudo-Anosov homeomor-
phism (see Section 2), the contraction and dilation factors are constant and inverses

1



2 DOMINIC VECONI

of each other, similarly to a hyperbolic toral automorphism such as the cat map.
(Accordingly, these maps are often referred to as “linear pseudo-Anosov maps”,
e.g. [10].) The primary difference between Anosov and pseudo-Anosov maps is
the presence of finitely many singularities in the foliations. These are points where
three or more leaves of one of the foliations meet at a single point. These leaves
are known as “prongs” of the singularity. The constant rate of contraction and
expansion along the transverse foliations mean the map is globally smooth except
at the singularities. Pseudo-Anosov homeomorphisms have found their way into
almost every field of geometry, such as Teichmiiller theory and algebraic geometry.
However, the ergodic properties of globally smooth realizations of pseudo-Anosov
maps remains a relatively undeveloped area of study.

In [9], M. Gerber and A. Katok produced a C* realization of pseudo-Anosov
homeomorphisms by slowing down the trajectories near the isolated singularities.
The result is a surface diffeomorphism that is uniformly hyperbolic away from a fi-
nite set of fixed-point singularities, but whose differential slows down to the identity
at these fixed points, thus admitting Lyapunov exponents of zero. These smooth
pseudo-Anosov models also admit continuous foliations whose leaves are smooth
except at the fixed singular points. Pseudo-Anosov diffeomorphisms constructed in
this way are analogues of the one-dimensional Manneville-Pomeau map of the unit
interval to compact surfaces of arbitrary genus (see [13]), in that they admit finitely
many fixed-point singularities where the differential slows down to the identity, but
the map exhibits uniform hyperbolicity away from these singularities.

To discuss the ergodic properties of these pseudo-Anosov diffeomorphisms, we
use techniques and results from thermodynamic formalism. Thermodynamic for-
malism has been used to study ergodic and geometric properties of several classes
of nonuniformly hyperbolic and nonuniformly expanding maps. One objective of
thermodynamic formalism is to determine the existence and uniqueness of probabil-
ity measures known as Sinai-Ruelle-Bowen (SRB) measures. These are invariant
measures that admit positive Lyapunov exponents almost everywhere, and have
absolutely continuous conditional measures on unstable submanifolds (see Section
4). They are also known as “physical measures”, in the sense that the set of points
x € M for which we have

n—1

lim lZgo(f"(gc)) = /god,u for any ¢ € C°(M)

has positive measure. More generally, one also may consider equilibrium mea-
sures for a given potential ¢ € C°(M). Equilibrium measures are mathemat-
ical generalizations of Gibbs distrubtions in statistical physics, which minimize
the Helmholtz free energy of a physical system. Within thermodynamic formal-
ism, Helmholtz free energy is replaced with the topological pressure Pf(¢) =
sup {h.(f)+ [pdu: p e My}, where h,(f) is the metric entropy of f with re-
spect to u, and My is the space of f-invariant Borel probability measures on the
manifold M. Equilibrium measures, in other words, are invariant probability mea-
sures that maximize the sum of the metric entropy of f and the space average
of ¢ with respect to p. The most important two equilibrium measures are SRB
measures (for which the potential is the negative log of the unstable Jacobian, or
¢1(z) = —logdet | D fz| pu(s)|), and measures of maximal entropy (for which the
potential is g = 0).
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One of the earliest applications of thermodynamic formalism was in studying
the ergodic theory of uniformly hyperbolic and Axiom A diffeomorphisms (e.g.
[3]). Since then, the theory of thermodynamic formalism has proven useful in
other contexts. For example, the one-dimensional Manneville-Pomeau maps f :
[0,1] — [0,1], defined by f(z) = (1 + ax®) mod 1 for @ > 0, @ > 0, have been
extensively studied as classic examples of one-dimensional nonuniformly expanding
maps (see, e.g., [17], as well as [21] for some recent work on the infinite ergodic
theory of Manneville-Pomeau maps). Additionally, in [6], V. Climenhaga, Y. Pesin,
and A. Zelerowicz proved existence of equilibrium measures for a broad class of
potential functions in the partially hyperbolic setting. These equilibrium measures
include, in particular, a unique measure of maximal entropy and a unique SRB
measure. Finally, in [2], J. Buzzi, S. Crovisier, and O. Sarig showed that any
surface diffeomorphism admits at most finitely many ergodic measures of maximal
entropy, and that there is a unique such measure in the topologically transitive case.
Our results are a special instance of this setting, and develop further statistical and
ergodic properties of the measure of maximal entropy and other equilibrium states.

In this paper, we effect a thermodynamic formalism for these pseudo-Anosov dif-
feomorphisms. Specifically, given a pseudo-Anosov diffeomorphism g of a compact
surface M, we consider the family of geometric ¢-potentials ¢;(z) = —t log |Dg|Eu(1-) |
parametrized by ¢t € R, where E*%(x) is the stable subspace at the point € M.
Our main result, Theorem 4.1, claims that there is a number ¢ty < 0 such that for
every t € (to, 1), there is a unique equilibrium measure p; for ¢; that is Bernoulli,
has exponential decay of correlations, and satisfies the Central Limit Theorem with
respect to a class of functions containing all Holder continuous functions on M. We
also show that the pressure function ¢ — Py(¢;) is real analytic in the open interval
(to,1). Since the pseudo-Anosov diffeomorphism g is topologically conjugate to a
pseudo-Anosov homeomorphism f, their topological entropies agree, and since f
has a unique measure of maximal entropy, so does g. We denote this measure o,
for the potential ¢y = 0. As a corollary to Theorem 4.1, we obtain a thorough
description of the statistical properties of pg. Furthermore, we prove that the map
g has a unique SRB measure, and we describe its ergodic properties. We emphasize
that a phase transition occurs at ¢ = 1: in addition to the SRB measure, there is a
family of ergodic equilibrium measures for ¢; composed of convex combinations of
Dirac measures at the singularities.

The techniques we employ to establish our results are similar to those used by
Y. Pesin, S. Senti, and K. Zhang in [15] to effect thermodynamic formalism of the
Katok map. The latter is an area preserving diffeomorphism of the torus with
non-zero Lyapunov exponents. Similarly to the smooth pseudo-Anosov models, the
Katok map is obtained by slowing down trajectories near the origin to produce an
indifferent fixed point (i.e. a fixed point of the map whose differential is equal to
the identity). However, there are substantial differences between the Katok map of
the torus and the Gerber-Katok smooth pseudo-Anosov models. These include:

e The Katok map acts on the torus, and thus can be lifted to R?, while
pseudo-Anosov maps do not in general admit a lift to R2. The lift of the
Katok map to R? plays an essential role in simplifying the analysis in [15],
and some adjustments to this argument are required to carry out similar
analysis of globally smooth pseudo-Anosov diffeomorphisms.
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e The foliations of pseudo-Anosov diffeomorphisms are singular. In partic-
ular, the singularities do not admit a locally stable or unstable subspace
forming a curve, but rather forming the prongs that meet at the singular-
ity. Furthermore, one cannot use coordinate charts whose interiors contain
the singularities if the coordinates correspond to the stable and unstable
foliations. Instead, the analysis must be performed in stable and unstable
sectors whose vertices are the singularities (see Section 3).

e Whereas the slow-down function used to construct the Katok map depends
only on the radius of the slowed-down neighborhood, the choice of slow-
down function of the pseudo-Anosov homeomorphism depends on the num-
ber of prongs of the singularity. This affects the analysis of the behavior of
the trajectories near the singularities.

The development of thermodynamics of the Katok map in [15] uses the technol-
ogy of Young diffeomorphisms, which are generalizations of hyperbolic maps. The
definition of Young diffeomorphisms relies on hyperbolicity of an induced map on
a small subset of the state space with local hyperbolic product structure. This in-
duced map can be carried over to a derived dynamical system on the corresponding
Rokhlin tower. The thermodynamics of Young diffeomorphisms have been thor-
oughly investigated in [16] and in [19]. Young towers have been used to study
thermodynamic and ergodic properties of a variety of nonuniformly hyperbolic dy-
namical systems (see [5]), including almost Anosov toral diffeomorphisms (see [20]).

This paper is structured as follows. In Section 2, we define pseudo-Anosov home-
omorphisms and discuss some of their dynamical properties, including measure in-
variance and Markov partitions. In Section 3, we describe the smooth models of
pseudo-Anosov homeomorphisms and state some important dynamical and topo-
logical properties of these maps. We state our main results in Section 4. Section 5
is devoted to the study of dynamics near the singularities and include some tech-
nical calculations needed to prove our main result. Some of these calculations are
similar to the ones performed in Section 5 of [15] but require some modifications
and adjustments. Section 6 gives a brief survey of the thermodynamic properties
of Young diffeomorphisms and inducing schemes we will be using. Section 7 proves
that our smooth models of pseudo-Anosov homeomorphisms are Young diffeomor-
phisms, and finally Section 8 uses this fact to prove our main results.

2. PRELIMINARIES

We begin with a discussion on measured foliations of a compact two-dimensional
C* Riemannian manifold M, where we assume M is without boundary. Our
exposition is adapted from the presentation in [1], Section 6.4. For the reader’s
convenience, we have restated their exposition here and have included additional
details and remarks on the notation concerning pseudo-Anosov maps and their
behavior.

Definition 2.1. A measured foliation with singularities is a triple (F, S, v), where:
e S={x1,...,2,} is a finite set of points in M, called singularities;
e F=FWSisa partition of M, where § is a partition of S into points and
F is a smooth foliation of M \ S;
e v is a transverse measure; in other words, v is a measure defined on each
curve on M transverse to the leaves of F ;
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and the triple satisfies the following properties:
(1) There is a finite atlas of C*° charts ¢y : Uy - Cfor k=1,...,¢, ¢ > m.
(2) For each k = 1,...,m, there is a number p = p(k) > 3 of elements of F
meeting at xp € S (these elements are called prongs of ) such that:
(a) dr(xr) =0 and ¢ (Ur) = Dg, :={z € C: |z| < ay} for some ay > 0;
(b) if C € ]?, then the components of C'N Uy are mapped by ¢ to sets of
the form

{z €C:Im (zp/2) = constant} N ¢k (Uk);
(¢) the measure v|Uy is the pullback under ¢ of
‘Im (dzp/Q)‘ = ‘Im (z(p_Q)/de)‘ .

(3) For each k > m, we have:
(a) ¢r(Ur) = (0,bx) x (0,cx) C R? ~ C for some by, cj, > 0;

(b) If C € F, then components of C'NUj, are mapped by ¢y to lines of the
form

{z € C:Imz = constant} N ¢y (Ug).
(¢) The measure v|Uy is given by the pullback of [Im dz| under ¢.

An archetypal singularity with p = 3 prongs is shown in Figure 1.

Remark 2.2. Henceforth, we refer to the C'°° curves that are elements of F as “leaves
(of the foliation)”; in particular, despite the technical fact that the singleton sets
of singularities {x1},...,{zx} are elements of F, we do not refer to these points
when we refer to “leaves of the foliation”.

Remark 2.3. The transverse measure v is not a measure on M itself, in the measure-
theoretic sense of the word. What v is measuring is the “distance traveled” trans-
verse to the leaves of the foliation, similarly to how the 1-form dx measures distance
traveled transverse to the leaves {x = x¢}. To make this more explicit, properties
(2) and (3) in the above definition ensure that v is holonomy-invariant. In partic-
ular, if v and 4’ are isotopic curves in M \ S transverse to the leaves of F, and the
initial points of v and 4’ lie in the same leaf Fy and the terminal points lie in the
same leaf Fi, then v(vy) = v(v).

Definition 2.4. A surface homeomorphism f of a manifold M is pseudo-Anosov
if there are measured foliations with singularities (F*,S,v*) and (F*, S,v*) (with
the same finite set of singularities S = {x1,...,2,»}) and an atlas of C* charts
o Uy — Cfor k=1,...,¢, ¢ >m, satisfying the following properties:

1) f is differentiable, except on S.

) For each z, € S, F* and F* have the same number p(k) of prongs at z.
) The leaves of F* and F* intersect transversally at nonsingular points.

) Both measured foliations F* and F* are f-invariant.

) There is a constant A > 1 such that

(
(2
(3
(4
(5
FF V) = (F°,v°/A) and  f(F“v") = (F* W").

(6) For each k =1,...,m, we have xy € Uy, and ¢y, : Uy — C satisfies:
(a) ¢r(zr) =0 and ¢i(Uy) = Dy, for some ap > 0;
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F1GURE 1. A 3-pronged singularity of a measured foliation with singularities.

(b) if C is a curve leaf in F*, then the components of C'N Uy are mapped
by ¢ to sets of the form

{z € C:Re (zp/Q) = constant} N Do, ;

(c) if C is a curve leaf in F*, then the components of C N Uy are mapped
by ¢ to sets of the form

{z €C:Im (zp/2> = constant} N Dy, ;
(d) the measures v°|Uy, and v*|Uy, are given by the pullbacks of
’Re (dzp/2>‘ = ’Re (z(p_2)/2dx>’

and
‘Im (dzp/Q)‘ = ’Im (z(p_z)/Qd:r)‘

under ¢y, respectively.
(7) For each k > m, we have:
(a) ¢k(Uk) = (0, bk) X (0, Ck) C R? =~ C for some by, c > 0;
(b) If C is a curve leaf in F*, then components of C' N Uy are mapped by
¢k to lines of the form

{z € C: Rez = constant} N ¢x (Uy);
(¢) If C is a curve leaf in F*, then components of C' N Uy are mapped by
@i to lines of the form
{z € C:Imz = constant} N ¢y (Ug);
(d) the measures v*|Uy and v*|Uy are given by the pullbacks of |Redz|
and |Im dz| under ¢, respectively.

For k = 1,...,m, we call the neighborhood U, C M described in part (6) of this
definition a singular neighborhood, and for k > m, we call Uy, a regular neighborhood.
(See Figure 2.)
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FIGURE 2. A singular neighborhood with a 3-pronged singularity.
The solid lines and broken lines respectively represent the stable
and unstable foliations F* and F*, for example.

Remark 2.5. The notation f(F*,v*) = (F* A\v") means two things. First, it
means that if v is a subset of a leaf of F*, then so is f(y), and in particular,
so is f71(y). Second, it means if v is an open interval in F*, or more generally
any arc in M transverse to the foliation 7, then v* (f~*(y)) = Av*(y). That
is, fir" = AW¥, with f,v" the pushforward transverse measure. Likewise for the
notation f(F®,v®) = (F°,v°/X). So points on the same F*-leaf contract in the v*-
measure by a factor of A, and points on the same F"-leaf dilate in the v*-measure
by a factor of A.

Remark 2.6. Since f is a homeomorphism, f permutes the singularities; that is, the
singular set S is f-invariant. However, our arguments assume the singularities are
fixed under the pseudo-Anosov homeomorphism. If the singularities are not fixed
points, one could consider an appropriate iterate of f and study the dynamics of
this iterate, arriving at the same results.

We state a few important properties of pseudo-Anosov homeomorphisms we will
use over the course of our arguments.

Proposition 2.7. Let f : M — M be a pseudo-Anosov homeomorphism. For
xeM\S, TyM =T,F°(x) ® T, F"(x), and in these coordinates, D f,(£%, &%) =
(&5 /A, NE™), where £° and & are nonzero vectors in Ty F®(x) and Ty F*(x), F°(z)
and F*(z) represent the curve containing x in the respective foliation, and X is the
dilation factor for f.

Proof. This follows immediately from the definition of pseudo-Anosov diffeomor-
phisms after a calculation in coordinates (see Remark 2.5). (]

Proposition 2.8 (see [7], Exposé 10). A pseudo-Anosov surface homeomorphism
f: M — M preserves a smooth invariant probability measure v defined locally as
the product of v° on F“-leaves with v* on F*-leaves. In any coordinate chart of
M, this probability measure v has a density with respect to the measure induced by
the Lebesque measure on R?, and this density vanishes at singularities.
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Proposition 2.9 (see [7], Exposé 10). Every pseudo-Anosov homeomorphism of a
surface M admits a finite Markov partition of arbitrarily small diameter. Conju-
gated to the symbolic system induced by this Markov partition, with the measure v
as in the preceding proposition, (M, f,v) is Bernoulli.

3. PSEUDO-ANOSOV DIFFEOMORPHISMS

Generally speaking, pseudo-Anosov homeomorphisms as defined in Definition
2.4 are differentiable everywhere except at the singularities z; with p(k) > 3. This
is a consequence of the fact that f contracts (resp. expands) points in the stable
(resp. unstable) leaves of the foliation, so the differential of f cannot possibly be
linear at the singularities.

In this section, we construct a surface diffeomorphism g : M — M that is topo-
logically conjugate to the pseudo-Anosov homeomorphism f, and whose differential
at the singularity is the identity. (Since we assume the singularities are fixed, this
is a reasonable statement.)

Before proceeding with the construction, we point out that some literature refers
to the maps defined in Definition 2.4 as “pseudo-Anosov diffeomorphisms”, despite
the fact that these maps are not differentiable at the singularities. To avoid any
confusion, we reserve the word “diffeomorphism” only for those maps that are
differentiable on all of M, and use the phrase “pseudo-Anosov homeomorphism”
for the maps described in Definition 2.4.

Let 23 € S, let p = p(xy), and let ¢y : Uy — C be the chart described in part
(6) of Definition (2.4). The stable and unstable prongs at xj are the leaves By
and P, j=0,...,p—1 of F% and F", respectively, whose endpoints meet at xj.
Locally, they are given by:

) 25 +1
P£j=¢k1{pe”:0<p<am= ‘7; w},

and P = qS,;l {pe” 0<p<ag, 7= ‘77r}.
p
For simplicity, assume f (P,jj) C Py forall j = 1,...,p. Furthermore, we define
the stable and unstable sectors at xj to be the regions in Uy bounded by the stable
(resp. unstable) prongs:

. 27 —1 27+1
Szj¢;1{p627:0§p<ak, J T<1r< I+ 7r},
p p
. 27 27+ 2
and S}:j=¢;1{p€”50§p<ak,JT(STS )+ 71'}.
p p

The strategy for creating our diffeomorphism ¢ is adapted from section 6.4.2 of
[1]. In each stable sector, we apply a “slow-down” of the trajectories, followed
by a change of coordinates ensuring the resulting diffeomorphism g preserves the
measure induced by a convenient Riemannian metric.

Let F: C — C be the map s +is2 — As1; +isa/A. Note F is the time-1 map of
the vector field V' given by

$1 = (logA)s1, $2 = —(log A)sa.
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Let 0 < r1 < ro < min{as,...,ar}, and define 7y and 71 by 7; = (2/p)rf/2 for
j =0,1 and for each p = p(k). Define a “slow-down” function ¥, for the p-pronged
singularity on the interval [0, c0) so that:

(1) W, (u) = (p/g)(Zp—4)/pu(p—2)/p for u < 77

(2) ¥, is C™ except at 0;

(3) W,(u) >0 for u > 0;

(4) V,(u) =1 for u > 72

Consider the vector field Vi, on D7, C C defined by
(3.1) $1=(logA\)s10,, (sT+s3) and $ = —(log\)s2 ¥, (s7 + s3).

Let G}, be the time-1 map of the vector field Viy,. Assume r; is chosen to be small
enough so that G/, = F' on a neighborhood of the boundary of D5, and assume rg
is chosen to be small enough so that the open neighborhood Uy := |-, ¢,;1 (Dr,)
of S is disjoint from the open set Ui:mﬂ ¢ (Day). We also define the open

neighborhood Uy = Ui, d);l (Dr,) C Uy, as well as Uy and U, defined analogously
with D,, and Dj respectively.
Let ap = (2/p)az/2, and define the coordinate change ®y; : ¢1.S;; — {2z : Rez > 0}N
Dg, by
Dy;(2) = (2/p)2P? = w = 51 + isa.
Define g : M — M by g(z) = f(x) for x &€ Uy and meanwhile for 1 < k < m,
1 < j < p(k), define g on each sector Sj; N ¢ (Dyy) by

g(x) = ¢]:1q)];j1qu)kj¢k(x)'

Proposition 3.1 (see [1]). The map g defined above is well-defined on the unstable
prongs and singularity. It is in fact a diffeomorphism topologically conjugate to f,
and for any € > 0, ro and 1 can be chosen so that || f — g||c0 < €. In particular, g
admits a Markov partition of arbitrarily small diameter.

Next we define a Riemannian metric ¢ = (-, -) on M\ S with respect to which the
map g is invariant. In the stable sector S3; ﬂ¢;1(Dak), we consider the coordinates
w = 514152 given by ;0 ¢y, defined above. Outside of this neighborhood, we use
the coordinates z = sy + is2. In both sets of coordinates, the stable and unstable
transversal measures are v* = |ds;| and v* = |ds2|. On stable sectors in M \ S,
we define the Riemannian metric ¢ to be the pullback of (ds? + ds3) /¥, (s 4 s3)
under ®; o ¢. In regular neighborhoods (Ug, ¢i), we define ¢ = ¢j, (ds? + ds3).
Since 7 is chosen so that ¢>,:1 (Ds,) is disjoint from regular neighborhoods, and
U, (u) = 1 for u > 73, ¢ is consistently defined on chart overlaps. One can further
show that { agrees with the Euclidean metric in ¢,;1 (D#,)- So ¢ can be extended
to a Riemannian metric on all of M.

Proposition 3.2 (see [1]). Letting z = t1 +ita be the coordinates given by (¢, U),
1 < k < m, the Riemannian metric ¢ is actually the Euclidean metric dt? + dt3. In
particular, the diffeomorphism g : M — M is uj-area preserving, where py is the
volume determined by .

For stable sectors S;;, we use the coordinates w = ®7.(z) = s1 +is2, and in
regular neighborhoods Uy, k > m, we use the coordinates z = sy + ¢s3. Then
sy represents the coordinate in the unstable foliation, and s is the coordinate in
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the stable foliation. Define the coordinates (£1,&2) in each tangent space T, M,
x € M\ S, to be the coordinates with respect to

_ 0
(3.2) (@kjoqbk)*l (\I/p (s1+s3) ag_), i=1,2

in each stable sector, and with respect to (¢k):1 (0/0s;), i = 1,2, in each regular
neighborhood. For x € M \ S, let C;f be the cone in T, M bounded by the lines
& = £&,, respectively, and contains the tangent line to the F* leaf through =x.
Respectively define C to be the cone containing the F* leaf.

Proposition 3.3 (see [1]). Forz € M\ S, the cones C;f,C satisfy the following:

(1) C;f and C; depend continuously on z € M\ S;
(2) CF (resp. Cy ) is strictly invariant under Dg (resp. Dg=') onx € M\ S;
(8) For each x € M\ S, the intersections

E'(z) = OODgnC;r*n(m) and E°(z) == OODg_nlC;"(x)
are one-dimensional subspaces of T, M ; moreover, if x € M\ S is on an
unstable leaf, then E"(z) is tangent to the unstable leaf (and similarly for
E*s(x) on a stable leaf).
(4) E*(x) and E*(z) depend continuously on © € M\ S.

We will need a stronger condition on cone invariance. For x € M \ S and for
0 < a < 1, define the families of cones KT (x) and K~ (x) by:

K (@) = {v=(&,&) € ToM : |&] < ofél},
K™ (z) ={v=(&,&) € ToM : |6 < afél}

In the original construction of pseudo-Anosov diffeomorphisms yielding Proposition
3.3, we have o = 1. But for certain later arguments, we will require a < 1.

Lemma 3.4. There exists a 0 < ag < 1 such that for all ag < a < 1, and for all
reM,

Dg,K*(x) C K*(g(x)) and Dg,; K (9(z)) C K~ (x).

Proof. We prove invariance only for K (z); the invariance of the stable cones is
proven similarly by considering g~ 1. Assume z € Uy, as the result is clearly true
outside of Uy. Consider the vector field (3.1) defined on C. The variational equations

for (3.1) give us

d : i
% = log)\ ((\Ilp (u) + QSf\pr (u)) El + 25152\1117 (u) 52)
and
% = —log A (25182@1, (u) &1 + (\I’p (u) + 25%‘1’17 (u)) 52) .

where u := s + s2. The “slope” 7 := & /& of a tangent vector in C changes under
the flow of (3.1) as:

(3.3) % = —2log A ((1 + 7]2) 51500, (u) + <\I/p(u) + (5% + s%) \Pp> 17)
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Suppose 7 < u < 73. Since ¥, > 0, and ¥,, > 0 is decreasing, we have:
~\2
p(u) > \ij(?%) __D 2 p <7”1> u
V() ~ () p—2" T p—2\R
Meanwhile, if 0 < u < 77, we have

bW _ p o p <~>u

U,(u) p—2 ~p-2\F

If n > 0, this gives us

d , )
CTZ < —2log A, (u) ((1 +1?) s182 + (1 + 2 (Tl) ) (s1 +53) 77)

p—2 \T2

—2log AW, (u) (((1 + 1% <2> > n— % (1 +n2)> (53 + 53)

(1+7%) (s1+ s2)? )

N | =

+

< —2log A, (w)t(n) (52 + s3) ,

N2
where (1) := L5 (%) — 3(n —1)% Since (1) > 0, there is a ag € (0,1) with
P(n) > 0 for ag < n < 1. Therefore Z—? < 0 for ag < n < 1. For n < 0, we have

% = 2logA ((\II”(U) + (51 +53) \PP(U)> In| — s1s2 (1+n°) \i/p(u)

~ 2
> 2log AW, (u) ((1 + ]% (%) ) (57 +3) In| — s1s2 (1+ 772)> :

A similar argument will show % >0 for —1 <1 < —ay. Letting a =, for z € C,

we have D(G)). K () C K (Gp(2)) and D(Gp)éi(z)KO_(Gp(z)) C K; (#), where

K (2) = {(C1,G) € T.C : |G| < alGil},

Ky (2) ={(C1,¢) € T.C: |G| < al2|}-
Note ag does not depend on the distance of z € C from 0. Applying the coordinate
map ¢} ' o <I>,;j1 : {2 : Re(z) > 0} N D5, — M, the cones K*(z) and K~ (z) defined
using the coordinates in (3.2) for T,, M satisfy the same invariance property as KS'
and K . This proves the lemma. g

4. MAIN RESULTS

We begin by defining the relevant ergodic properties under consideration. Given
a continuous potential function ¢ : M — R, a probability measure p1, on M is an
equilibrium measure for o if

Py(¢) = hy, (g) + / 0 Qi
M

where hy,,(g) is the metric entropy of g with respect to p,, and Py(p) is the

topological pressure of ¢; that is, Py(y) is the supremum of h,(g) + [,, ¢ du over
all g-invariant probability measures p on M.
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A special instance of equilibrium measures are known as SRB measures. Given
a (uniformly, nonuniformly, or partially) hyperbolic function f : M — M on a
Riemannian manifold M, an f-invariant Borel probability measure p on M is called
an SRB measure if f admits positive Lyapunov exponents p-almost everywhere,
and if the conditional measures of u on the unstable submanifolds are absolutely
continuous with respect to the Riemannian leaf volume.

Additionally, we say that g has exponential decay of correlations with respect to
a measure € M(g, M) and a class of functions H on M if there exists k € (0,1)
such that for any hq, ho € H,

] [t @) et ) — [ @) ute) [ hae) dute)

for some C' = C(hy,h2) > 0. Furthermore, g is said to satisfy the Central Limit
Theorem (CLT) for a class H of functions if for any h € H that is not a coboundary
(ie. h# h og— N for any b’ € H), there exists o > 0 such that

n—1 t
]. ; 1 2 2
lim — (h "(x —/hd )<t} / e T /% 4r.
n%mﬂ{\/ﬁg (9" () p )
The family of potential functions we consider are the geometric t-potentials defined

< Cr"

by ¢i(z) = —tlog )Dgz|E,u(m)‘. Although the unstable distribution E* does not

continuously extend to the singularities, the differential Dg,, is the identity at
each singularity zg, so ¢; continuously extends to the singularities; in particular,
wi(xg) = 0 for each singularity xg. So the geometric t-potential is well-defined in
this setting.

Our result shows there is a ¢y < 0 for which every ¢ € (t9,1) admits a unique
equilibrium state p,, =: p; for the potential ¢, : M — R. When t = 0, 9 = 0,
so the equilibrium measure pg satisfies Py(0) = hy,(g), and so po is the unique
measure of maximal entropy for g.

We now state our main result.

Theorem 4.1. Consider a pseudo-Anosov diffeomoprhism g : M — M on a com-
pact Riemannian manifold M. The following statements hold:

(1) Given any ty < 0, we may take ro > 0 in the construction of g so that for
any t € (to, 1), there is a unique equilibrium measure u; associated to ;.
This equilibrium measure has exponential decay of correlations and satisfies
the Central Limit Theorem with respect to a class of functions containing
all Héolder continuous functions on M, and is Bernoulli. Additionally, the
pressure function t — Py(py) is real analytic in the open interval (to,1).

(2) Fort =1, there are two classes of equilibrium measures associated to ¢1:
convexr combinations of Dirac measures concentrated at the singularities,
and a unique invariant SRB measure y.

(8) Fort > 1, the equilibrium measures associated to p; are precisely the convex
combinations of Dirac measures concentrated at the singularities.

Remark 4.2. Uniqueness of the measure p; for ¢ € (o,1) implies this measure is
ergodic, but in fact, Theorem 4.1 gives us that this measure is Bernoulli.

Remark 4.3. Taking t = 0, this theorem shows that the dynamical system (M, g)
admits a unique measure of maximal entropy that is Bernoulli, has exponential
decay of correlations, and satisfies the Central Limit Theorem.



THERMODYNAMICS OF SMOOTH MODELS OF PSEUDO-ANOSOV HOMEOMORPHISMS13

Remark 4.4. Although we know t — Py(¢p;) is real analytic in (¢o,1), we do not
know about the behavior of Py(y;) for t < ty. In particular, it is not known whether
(M, g, ;) admits a phase transition at ¢t = to.!

5. DYNAMICS NEAR SINGULARITIES

In this section, we discuss the dynamical properties of pseudo-Anosov diffeo-
morphisms, considering both their global behavior as well as their behavior near
singularities. The thermodynamic constructions we will develop in Sections 6 and 7
require bounds on how quickly nearby orbits diverge from each other. For this rea-
son, the estimates and inequalities collected in this section will become important
tools to examine how nearby orbits behave in neighborhoods of the singularities.

Several of the technical calculations made here are similar to the calculations
performed for the Katok map in [15]. However, they are carried out here for the
reader’s convenience, as well as the fact that the slowdown function in the Katok
map uses different constants depending on the radius of the slowed-down neigh-
borhood (by contrast, our slowdown function depends not on the radius of the
slowdown, but on the number of prongs of the singularity).

Our first two technical estimates concern how long an orbit remains in a neigh-
borhood of a singularity. Recall our definitions 7; = (2/p)r§'/ % for j=0,1. In
particular, ¥y and 7; depend on p, and thus depend on k for Kk =1,...,m.

Lemma 5.1. There exists a T, > 0, depending on p, A, ro, and r1, so that for any
solution s(t) of (3.1) with s(0) € Dy,

max {t > 0: s(t) € Dy, \ Dy, } < T).

Proof. The value s; s is invariant under the flow. If sys9 > %?‘?, then when s; = s,
the minimum value of s? + s is > 77, and the trajectory never enters Dz . If
5180 < %7‘21, the trajectory either will enter Dz or has already entered Dz and is
on its way out of D5, .
Case 1: sis5 > £77. Since 7§ > s7 + s3 > s3, we have 171 < sis3 < s373, so
s? > 71 /4r¢. So, since ¥, is an increasing function,
~4
i 2\ _ o2 2 2 T ~2
(sl) =2s51Y, (sl + 52) logh > =¥, (7"1) log \.
dt 2rg
It follows that the time T it takes for s? to reach 73 from s%(0) > 71 /473 satisfies
~4
~2 T
"o~ 1z e

- = S 3p2 :
2%120\1/1) (72) log A 277" log A

Case 2: 5159 < %?’f Assume that s; < so, ensuring that the trajectory will
enter Dy . If we can prove there is a uniform time bound 7' before which this
happens, then by symmetry of the vector field, the same T is an upper bound for
the time it takes this trajectory to exit Dy, when s; > ss.

We will in fact establish a bound on how long it takes s3 to decrease from s3(0)
to %7‘21 when s; < s3. For then, because s;52 < %F% by the time s3 = %7‘21, the

1For the Katok map, it is shown in the preprint “Unique Equilibrium States, Large Deviations
and Lyapunov Spectra for the Katok Map’ by T. Wang (see https://arxiv.org/abs/1903.02677v2)
that for sufficiently small values of the parameters a > 0 and r > 0, the Katok map has a unique
equilibrium measure p¢ corresponding to the geometric potential ¢¢ for all values of ¢ < 1.


https://arxiv.org/abs/1903.02677v2
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trajectory Will already have entered Dr,. So, s3 > 177, and since in this case

2482 >1 rl, we have

d

T (3%) = 2530, (S% + s%) log\ < —710,, (%F%) log \.

It follows that the time 7T it takes for s3 to reach 7% from s3(0) < 72 satisfies

72132 p_ P
T < 0 232"1 — 9(p=2)/2 1
TR, (173) log A 2 - ’1
1¥p\371) 108 T og)\

(]

Lemma 5.2. There exists a T' € Z, depending on ro and A, so that for any x €
Uy =, o (Dr,) € M, we have

maX{N>O g" U Y (D5, \ Dz,) for alln =0, .. N}ST.

Proof. This follows from Lemma 5.1 after taking 7' = max{T,) : k = 1,...,m}.
O

Next, we will establish bounds on how quickly nearby points will diverge while
remaining near the singularities. The main lemma that demonstrates this bound is
Lemma 5.5.

Lemma 5.3. Fori,j =1,2 define the functions d;; : Dy — R by

2

dij(s1,52) =

Then,

6p — 12 (2p—4)/p —4)/2
e [dij(s1,2)] < === (F) (s34 3) "

Proof. Recall that for u < 7%, we have U, (u) = (p/2)2P=/py(P=2)/P S0,

(2p—4) _
%(SQ\DP (s1+s3) = 5 (g) ' /p8182 (s1+s3) P and
1
2p — 4 (2p—4)/ _
o (say 51 +2)) = 22 (B) g ()
2

+

(2p—4)/p _
p) (s% +S§)(P 2)/11.

/~
N |

Note |s1]? < /5% + 53, and since p > 3,

2
457 <o.

o< 1
T p(si+s3) T
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Therefore, for all (s1, s2) € Dy,

2p — 4 /p\@r=4)/p| O —2/
s (51,52 = = () oy #5251 +3) "
20— 4 (2p—4)/p _ 4 -
== (%) 2 (53 4+ 58) 7 = st (s 4 3) T
2p —4 (p)(2p74)/p‘ |( 2, 2),2/p 1 48%
- 5 S2[($1 7 52 T2 2
b 2 p(si + s3)
2p —4 (2p—4)/p _
R R

A similar argument applies for dio = do; and for dos, though in dsy we use the
estimate —2 < 4s%/3p (s% + s%) instead:

2p —4 p\@r—49)/p 5 o\—2/p 453
d , = (7) + 1 — 22
|d12 (51, 52)] PR |s1] (s7 + 53) P+
2p —4 p (2p—4)/p (p—4)/2
L C/C R e
6p — 12 /p\ @p—4)/p 9 o\—2/p 453
d , = (7) 1——2
|d22 (51, 52)| ’ 5 |s2] (7 + s3) 3 (7 + 50)
6p —12 p (2p—4)/p (p—4)/2
< SO (DY gyt

O

Let s(t) = (s1(t), s2(t)) be a solution to (3.1), and assume s(t) is defined in
the unique interval [0,7] for which G,*(s(0)), G,(s(T')) & D5, and s(t) € Dy, for
0 <t < T. In particular, this means s(0), s(T) € 0D5,. (Recall G, is the time-1
map of the vector field (3.1).) Further denote T} = T'/2, so that if s1(¢) > 0 and
s2(t) > 0 for t € [0,T], we have s1(t) < so(t) for t € [0, T3] and s1(t) > s1(t) for
te [Tl,T]

Lemma 5.4. Given a solution s(t) to (3.1), and T and Ty defined above, we have
the following inequalities:
(@) [s1(6)] < [s1 ()] (1 4+ Cos (0)@=/eb— 1)) "™V 0<i<p<T;
(b) Is2(t)] < [s2(a)] (1 + Cosa(a)?P=9/p(t —a)) /™ 0<a<i<T;
|s2(t

(¢) [s2(8)] > [sa(a)] (1 + 20=2/Cysy(a) =D/ (¢ — a)) P/ ™Y,
0<a<t<Ty

(d) [s1(8)] > [s1(b)] (1 + 20-2/2Cos, (b)2=0/p (b — 1)) P/~

T <t<b< Ty
_ 2p—4
where Cy = 21”% (g)( v )/plog)\.

Proof. By symmetry, we may assume s1(t) > 0 and so(¢) > 0 for ¢t € [0,T]. Then
using the facts that s?+s3 > s? for i = 1,2, and that ¥, (u) = (p/2)2P=4)/py(P=2)/p
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for 0 < u <72, (3.1) implies

d (2p—4)/p

—s1(t) > (B) 51(6)PP=D/Plog X, and
dt 2

d (2p—4)/p

Za(t) < — () s(t) /P log X,

In particular, this gives us
d p\ (2p—4)/p
—(Bp—4)/p = > (2

s1(t) dtsl(t) > (2) log A, and

(3p— d (2p—4)/p
so(t)~ P 4)/1)%82@) < - (g) log \.

Integrating these expressions between a and b, where 0 < a < b < T, we get:

59(b)"EP=V/P _ 55 (a)=#=H/P > Cy(b—a), and
sl(b)—(2p—4)/p — sl(a)_@p_‘l)/p < —Co(b—a),

where Cy = 22%4 (2)(21774)/10 log A. From assuming that s;(¢t) > 0, ¢ = 1,2, we get

2
inequalities (a) and (b).

Using the fact that s;(t) < so(t) for 0 < ¢ < Ty = 1T and s1(t) > so(t) for

T <t<T, we get:

51()% + s2()? < 2s9(t)%, 0<t<Ty;

s1(t)? +s2(1)? < 251(t)%, Ty <t<T.

Once again, applying (3.1) yields

(2p—4)/p
%sl(t) < 9r=2)/p (g) s D/Plog N, T <t <T,

d

%32 SQ(t)(Sp*‘l)/p logh, 0<T\ <T.

(t) > —2(=2/p (73

(2p—4)/p
3)

Using the same integration strategy from a to b as before gives us

s1(b)"P=/P g (1)~ P D/P > _9=2/rCy (b —t), Ty <

t<
59(t)"@PI/P _ 50 ()PP < 20=D/PCy(t —a), 0<a<

IA

S

b
<

This gives us inequalities (¢) and (d).

1

T;

O

Now suppose $(t) = (51(t), $2(t)) is another solution of (3.1) defined for ¢ €
[0,7]. We will need an upper and lower bound for As(t) := 35(t) — s(t). Let

As;(t) = 5;(t) —s;(t), j = 1,2.

Lemma 5.5. Suppose s1(t) # 0 # sa(t) for t € [0,T] and that Ass(t)
t € [0, T]. Suppose further that 0 < a < 1 satisfies
(1) |As1(t)] < alsy(t) fort € ]0,T7;

As3(0)
2) |55 | <

l—a
72

> 0 for
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Then,
A -8
Asalt) < sigs) s2(t) (14207 Cosy()@—0/re) 7, 0<t<m,
Aso(t) AL(Tl) (t) 1+ 2(p_2)/p0081(b)(2p—4)/P(b —1) A
2= 11 26-2/pCys, (b)2—D/p(b—Ty) )

T]étSbSTa

where 3 = 2_(3p_2)/p(1—a), and Cy is the constant from Lemma 5.4. Furthermore,
for0<a<Ty <b<T,

S1 b
6.1) 850 < VT2 As(a)]
Proof. Assume s;(t) > 0 for j = 1,2; the other cases follow by symmetry. Further
denote u = s? +s% and u = 52 +33. Applying equation (3.1) to the second Lagrange
remainder of the function (s1,s2) — s2¥, (s + s3) centered at the point (sy,s2),
we get:

d _ -
%ASQ = —log A (520, (u) — 520 (u))

52

— _log A (;; (SQ\IIP(U)>A81 + (,% (SQWP(U))ASQ

+% Z d;i (§17§2)A5jA3k>

7,k=1,2

= —log A (25152\ifp(u)A51 + (\I/p(u) + 25§\Pp(u)> Asy

1
+§ Z djk (gl,gg)ASjA8k>,

J,k=1,2

where d, are as in Lemma (5.3) and § = (§1,&2) € Dy, is such that §; lies between
s;j and s; for 7 = 1,2. It follows that

d ASQ 1d 1 .
% (52> = f*ASQ — gSQASQ

. 1 .
= —log A (251\I/p(u)A81 + S—Wp(u)ASQ + 252\Ilp(u)A32>
2

log A AsiAsy 1
9 Z d]k (61752) ]572 + IOg )\gq/p(u)ASQ

jk=1,2
29 — 4) log \ (2r—4)/p
— _(pp)Og (g) u=2/P (s1As1 + s2As5)
log A AsjAs
- LY daan ) SR
j.k=1,2 2

Suppose 0 < t < T, so that 0 < s1(t) < s2(t). Since |Asy(t)| < alsa(t) by
assumption, we get:

$1A581 + $2A8y > (—s1a + $2) Asa > (1 — a)saAss.
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Lemma 5.3 implies

(52) Zdﬂk (51,52) ASjASk Z —
7.k

24p — 48 /p\ (2r—4)/p (p—4)/2
Y (5) (f%"‘f%) P p(ASQ)Q'

It follows from the above two inequalities that

- (2p—4)/ _
da <A‘92> <-Q 7Q)M (E) P2/ (52 + s2) 2/p52A52

dt So p 2
12p — 24) log A (2p—4)/p _ Ass)?
L U2 ) log (g) (€2 42/ (As2)”
p 2 S9
Since s1(t) < so(t) for 0 <t < Ty, we have s3 < s7 + s3 < 2s3. Therefore,
d [ Ass (2p —4)log A /p\Cr=0)/p  , S (p-2)/p 53 Asg
2222 )« (1) e __°2 =22
dt ( S9 ) s-(1-a) D (2) (7 + 52) s?+s2 sy
L (12p — 24) log A (Q)QP*“)/” Jer-a/p (48 =D Ay \?
p 2 2 s3 $2
_ (2p—4)/
§—(1—a)(p 2)10g)\(@) p=4)/p Asy
p 2 52
n (12p — 24) log A (@) @p—4)/p (€2 4 £2 (p=4)/2p Asy 2
p 2 3 sa )
Denoting k = k(t) = AS‘ZZ (t), we summarize:
_ (2p—4)/
d—ﬁg—(l—a)(p 2)log)\<@) p-8fp
dt P 2
_ 24 2 2\ (p—4)/2p
(12p —24)log A rpsa Cp=H)/P (& + &5 2
W20t o (00,
D 2 85
— 92 log \ (2p—4)/ 2 2\ (p—4)/2p
(5.3) = _(p=2)logh (@) T <1a12 (51 252) K
p 2 83

Note 0 < s3 < &3 < 59 = s9 + Asg, and & < 51 + |Asy| < s2 + aAsy. Therefore,
(5.4)

2 2
1< & < & +6 < (s2 + aAsy)” + (52 4 Asy)

=2 7 = 2
52 52 52

= (14+ar)*+(14+k)? < 2(1+r)%

It follows that

<£%+£§)(“)/2” - {1 if p=3,4;

3 201+ #)2) TV irp > 5,

Using Assumption (2), we observe that

2 2\ (p—4)/2p
1—
1—a—12<€1—2§2> K(0) > — 2.
85 2

Equation (5.3) now implies

dr (1—a)(p—2)log A <p82(0))(2p4)/p #(0) < 0.

dt

t=0 2p 2




THERMODYNAMICS OF SMOOTH MODELS OF PSEUDO-ANOSOV HOMEOMORPHISMS19

So k(t) satisfies

l1—«

(5.5) 0<k(t) < ~5

for 0 <t < 9 for a small number § > 0. The same arguments as before now imply

dk (I1—a)(p—2)logA [ psa(t) (2p—4)/p
5.6 — < = t) <0
(5:6) dt = 2 2 ~(t)

for 0 <t < 4. Since x and sy are continuous and positive on [0, 7], the estimates
(5.5) and (5.6) apply for 0 < ¢t < Tj. Applying Gronwall’s inequality to (5.6) gives
us for 0 <t <Ty:

(57) (t) < 5(0) exp <_ (1- a)(;;p— 2)log A (g)@p—@/z) /Ot () =00 dT) |

Applying the third inequality in Lemma 5.4 to this integral gives us:

t t 1
/ $o(7)2P=D/P 1 > / 52(0)2P=4)/p (1 + 2(1”2)/”C’032(0)(2”’4)/?7) dr
0 0

1 B .
= so=ag, o (14 202/ Cos(0) /01

Recalling that Cy = % (g)(2p74)/p log A, (5.7) now becomes:

1 _
k(1) < (0) exp <_2(<3p_§/)p log (1 + 202/ Cys(0) 2~/ pt))

-B
(5.8) = r(0) (1 + 2(10*2)/170052(O)(2p74)/pt) 7

giving us the first inequality of the lemma.
To prove the second inequality, arguing as before for 77 <t < T, we get:

d 0 0
%ASQ = — log)\<881 (szlllp(u)) Asy + 955 (sz\llp(u)) Asy

+% Z d;, (51,52)A83A8k>

7,k=1,2
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for £ = (&1, &2) satisfying min {s;,s;} < §; < max{s;,5;}. Thus, using assumption
(1) and positivity of s;, ¥, and As,,

d ASQ 1 d 1
—|—]=—=A A
dt( ) sidt 2T 181 52

= —log\ (23132¢/p(u)A881 + (28%¢/p(u) + \I’p(u)) )

_7log)\ > dik (&1,6) 1A —log A, (u) —=

7,k=1,2

. A
< —2log A (\pr(u) — as1590,(u) + 520, (u )) s—?
As;As
—flogZdjk (€1,6) —/—
3k 51
. Asy  log A AsjAsy
< - — = _ , it el
< —2log A (W (u) — asisly () T2 - 20 > len ) =0
Observe that
vy p 2 2 p o 2 2
¥, 8182 b2 (sl + 82) 8189 > p—2 2 (31 + 52)
p2—a) o o
> ——(s]+53).
2(p _ 2) ( 1 2)

It follows, in particular, that

. (2p—4)/p 2 -« 9
U, (u) — asisa¥p(u) > (g) 5 (s% + S%)(P )P

Furthermore, applying the inequality in (5.2), we get:

d ASQ p (2p—4)/p (2p—4)/p ASQ
=== ) < = =z _ s
o ( . > < —log A (2) (2—a)s;

51
—4)/2
—l—log/\( )(2p 4/p (217 1/p12(p—2) <f12 +§§>(p e (A‘”)2
p 51 S1
In particular, if we denote x(t) = AS?Q (t), we find that

(5.9)
B (p—4)/2p
dX p (2p—4)/p (2p—4)/p 12( ) 51 + 52
= < -1 —= -4 ’
it = Og”\(Q) %1 x{z-e P si *

Recall that min {s;,s;} < ¢ < max{s;,s;}, and that As; =5; — s, for j = 1,2.
Therefore,

—|As;| <& < sj + |Asyl.

In particular, since |As;| < aAss by assumption (1), we get:

A 2
G826 2 (51— As1])’ 2 (51 - alsy)’ = 6} (1—0‘332) > (1)
1

Furthermore, since so(t) < s1(t) whenever 77 <t < T, we get:

2 2
G486 _ <1+'A81> +<82+A82> < (1+ax)’+ 1 +x)? <201+ 0>

81 S1 S1 S1
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It follows that:

5% + 55 (p—4)/2p _ (1- X)(p74)/p’ p=3,4;
52 = 2021 4 ) PH/P ) p > 5,

Since s1(T1) = s2(T1), by the first estimate in this lemma and assumption (2), we
find that:
0 S X(Tl) _ ASQ(Tl) _ ASQ(Tl) S ASQ(O) S 1— Oé.
81(T1) S92 (Tl) 82(0) 72

Again, applying assumption (2) gives us:

=) ()" ) Lo

P 52 2

2—a—

So (5.9) now becomes

1—a)logA (2p—4)/p B
< _% (g) 31(T1)(2p 4)/pX(T1> < 0.

dx

(5.10) =

t=T1

Repeating the argument for the first estimate in this lemma, we find that the
inequalities in (5.10) hold for all ¢t € [T1,T]. For T} <t < b < T, by Gronwall’s
inequality and inequality (d) in Lemma 5.4, we get:

X(t) < x(T1) exp (_(1—04)1og)\ (13)(21)74)/17 /t Sl(T)(gp—zl)/p dT)

2 2 -
1—a)l (2p—4)/
< X(T1) exp (—(0‘2)0gA (%) NN CE

¢ -1
X / (1 + 2(17—2)/1)0081(Tl)(2p—4)/p51(Tl)(2p—4)/p(b _ 7.)) dT)

T
pl—o) | (1+ 2(p=2)/PCys, (Ty)2P=H/P(h — t)
26r-2/p(p — 2) 2\ 1+ 20-2/pCys, (T,) 2P~ D/p(b— T})

= X(T1) exp (

T 14+ 2(P—2)/p0081(Tl)(Qp—Zl)/p(b 1) Bp/(p—2)
— X T 027Gy, (1) @078 (b — 1)

The second estimate now follows.
To prove the final inequality, (5.6) and (5.10) show that x(a) > k(T1) and
X(T1) > x(b) for 0 < a <T; <b<T. More explicitly,
ASQ(Tl) S ASQ(G) and ASQ(b) S ASQ(Tl)
SQ(Tl) Sg(a) Sl(b) SQ(Tl)
Recalling that so(T7) = s1(71), combining the above inequalities gives us:
s1(b)Asa(Th) < s1(b)Asa(a)
SQ(Tl) - SQ(CL) '

By the assumption that |As;| < aAss, we get

Ass < ||As]| < V14 a?Ass,

and combining this inequality with the preceding one gives us the final inequality
in the statement of the lemma. [

ASQ(b) S
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Our final estimate concerns the size of the angles between tangent vectors in
the unstable cones near the singularities. This will be used in examining the dis-
tance between the unstable subspaces of nearby points in neighborhoods of the
singularities. N B B

Recall the neighborhood U of S is given by U; = |-, ¢, ' (Dz,). For = € Uy,
define:

Z(Dgzv, Dg,w) }

(5.11) v(z) = max { Z(o. )

v,wEK T (z)
loll=llwll=1

and denote ~;(z) = v(¢’(z)) for j > 0.

Lemma 5.6. For every x € L~{1 with g’ (z) in the same component of L~{1 for j =
0,...,k, we have:

i -p/(-2)
[1 (@) < (1+ Cosa(0)=/7k) :
j=0

where Cy is the constant from Lemma 5.4.
Proof. Denote z = @y, (¢pr(z)) = (51(0), s2(0)), so that
(®rj 0 or) (97 (2)) = (51(5), 52(5))-

Consider a tangent vector v = ({1,{2) in C along a trajectory of the vector field
(3.1). Reparametrizing n = (2/¢1 with respect to s; instead of ¢ along this curve,
equation (3.3) implies

dyp  dn (dsy\ " W, (u) 1. 53+ 53 U, (u)
dsr  dt (dt> =-2 ((1 +77?) SQ\DP(U) + <81\pr(u) + o \I/p(u)> 77) .

For i = 1,2, let 1;(s1) = ni(s1,51(5),n?) be a solution to this differential equation
with initial condition 7;(s1(j)) = 1?. Then,

a4 (m —n2) = —2% (1 + Wy () (8% + 55 + s152(m + 772))) (m —n2).

dt U, (u)

If (&1,&) = D (s, oqﬁk)z_l (¢1,¢2) € KT (x), then |n;] < a < 1 for i = 1,2 (see
Lemma 3.4), so m + 12 > —2. Positivity of ¥, and \i/p now yields:

%(m — 1) < —2% <1 + izgzg

(51— 82)2> (771 - 772)7
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and so by Gronwall’s inequality,

Im (1 +1)) =m2 (515 + 1)) |

s10+1) 1 NG (u)
< 7% —nI| exp —2/ — (14 =2 (31—52)2 dsy
i = O U, (u)
s1(7+1) g
<l e (2 [ 22
s1(4) 51

ﬂn?—n%(%i

. 2
o o520+ 1))
=1\ =N . )
} ' 2| ( s2(7j)
where the final equality follows from the fact that the trajectories lie on hyperbolas,
and so the product sqss is constant. Observe that if v = (v1,v2) and w = (w1, wa)

are two vectors with 7, = ve/v; and 7, = wa /w1, then

Z(v,w) = |arctann, — arctan 1| ,

and so by concavity of  — arctan 7 and conformality of the coordinate map ®j;ogy,

{ (515 + 1), 51(5), 1) — (515 + 1), 51(5),m9)] }

7i(x) < max
71,72

< (26D
It follows that ( Y >k1 2
o= (55)

The desired result now follows from inequality (b) in Lemma 5.4, since by hypothesis
¢’ (z) is in the same component of Uy, hence G;{;(z) € Dy, for0 < j<k. O

g — 3|

6. THERMODYNAMICS OF YOUNG DIFFEOMORPHISMS

Given a C't diffeomorphism f on a compact Riemannian manifold M, we call
an embedded C* disc ¥ C M an unstable disc (resp. stable disc) if for all z,y € ~, we
have d(f~™(z), f~"(y)) — 0 (resp. d(f™(z), f"(y)) — 0) as n — +o0. A collection
of embedded C* discs T' = {v;}iez is a continuous family of unstable discs if there
is a Borel subset K* C M and a homeomorphism ® : K* x D* — |J, v;, where
D* c R? is the closed unit disc for some d < dim M, satisfying:

e The assignment x — @[3 pu is a continuous map from K* to the space
of C! embeddings D% — M, and this assignment can be extended to the
closure K%;

e For every x € K5, v = ®({z} x D*) is an unstable disc in T.

Thus the index set Z may be taken to be K*x {0} C K*x D". We define continuous
families of stable discs analogously.

A subset A C M has hyperbolic product structure if there is a continuous family
[ = {v{'}iez of unstable discs and a continuous family I'* = {7 };cs of stable
discs such that
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dim~;* + dim~; = dim M for all 7, j;

e the unstable discs are transversal to the stable discs, with an angle uni-
formly bounded away from 0;

each unstable disc intersects each stable disc in exactly one point;

A= (U2 0 (U, )

A subset Ag C A with hyperbolic product structure is an s-subset if the con-
tinuous family of unstable discs defining Ag is the same as the continuous family
of unstable discs for A, and the continuous family of stable discs defining A is a
subfamily I'j of the continuous family of stable discs defining I'g. In other words,
if Ag C A has hyperbolic product structure generated by the families of stable and
unstable discs given by I'f and I'f}, then Ag is an s-subset if I'§ C I'* and I'§f = T'".
A u-subset is defined analogously.

Definition 6.1. A C'*¢ diffeomorphism f : M — M, with M a compact Riemann-
ian manifold, is a Young’s diffeomorphism if the following conditions are satisfied:

(Y1) There exists A C M (called the base) with hyperbolic product structure, a
countable collection of continuous subfamilies I'; C I'® of stable discs, and
positive integers 7;, ¢ € N, such that the s-subsets

A= (vnA)cA
very

are pairwise disjoint and satisfy:
(a) nvariance: for v € A3,

(% (@) cy*(f7 (@), and [T (y"(2)) D (7 (2)),
where 7"*(z) denotes the (un)stable disc containing x; and,
(b) Markov property: A¥ := f7i(A$) is a u-subset of A such that for z € Af,

7O @) NAY) =% (@) NA,and fTH(y(2) NAT) = v*(fT (x)) N A
(Y2) For v* € T, we have
e (79N A) >0, and gy (((A\U; A7) N9) ) =0,

where fi4u is the induced Riemannian leaf volume on " and cl(A) denotes
the closure of A in M for A C M.

(Y3) There is a € (0,1) so that for any i € N, we have:
(a) For x € Af and y € v*(x),

d(F(z), F(y)) < ad(z, y);
(b) For z € A and y € v*(x) N AS,

d(x,y) < ad(F(x), F(y)),
where F': |J; A = A is the induced map defined by

Flps == [T as.
(Y4) Denote J“F(x) = det |DF|gu(y|. There exist ¢ > 0 and & € (0,1) such
that:
(a) Foralln >0,z e F~"(J,A;) and y € v*(x), we have
o LEE )|

JUR(E™My) | T
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(b) For any io,...,in, € N with F¥(z), FF(y) € A5 for 0 < k < n and
y € y*(x), we have
. JUF(Fn=*(z))
JUF(Fr = (y))
(Y5) There is some v* € I'* such that

> Tty (AF) < o0
i=1

‘gcmk.

‘lo

We say the tower satisfies the arithmetic condition if the greatest common divisor
of the integers {r;} is 1.

We use the following result to discuss thermodynamics of Young’s diffeomor-
phisms, which was originally presented as Proposition 4.1 and Remark 4 in [15].

Proposition 6.2. Let f : M — M be a C'T® diffeomorphism of a compact smooth
Riemannian manifold M satisfying conditions (Y1)-(Y5), and assume T is the first
return time to the base of the tower. Then the following hold:
(1) There exists an equilibrium measure py for the potential @1, which is the
unique SRB measure.
(2) Assume that for some constants C > 0 and 0 < h < hy, (f), with hy,, (f)
the metric entropy, we have

Sy = #{AS 1, =n} < Ce
Define

1
(6.1) log Ay = sup sup — log|J“F(z)| < maxlog|J"f(z)|,
i>1 xeAs Ti rEM

and

o ()

log At = hy, (f)
Then for every t € (to,1), there exists a measure py € M(f,Y), where
Y = {fk(x) cx e A, 0<k<7(x)— 1}, which s a unique equilibrium
measure for the potential ;.
(8) Assume that the tower satisfies the arithmetic condition, and that there is
K > 0 such that for every i > 0, every z,y € A, and any j € {0,...,7;},

(6.3) d(f(x), f1(y)) < K max{d(w,y),d(F(z), F(y))}-
Then for every ty < t < 1, the measure py has exponential decay of corre-
lations and satisfies the Central Limit Theorem with respect to a class of
functions which contains all Hélder continuous functions on M.

7. YOUNG TOWERS OVER PSEUDO-ANOSOV DIFFEOMORPHISMS

Our argument that smooth pseudo-Anosov diffeomorphisms are Young’s diffeo-
morphisms requires the construction of a hyperbolic tower on pseudo-Anosov home-
omoprhisms first. We begin this section by constructing this hyperbolic tower, tak-
ing an element of the Markov partition of the pseudo-Anosov homeomorphism as
the base of the tower.

We assume that our pseudo-Anosov homeomorphism f admits only one singular-
ity; the analysis follows similarly with more singularities, but the notation becomes



26 DOMINIC VECONI

unwieldy due to the different numbers of prongs at each singularity. Therefore we
state without proof that the arguments of this section imply that pseudo-Anosov
diffeomorphisms admitting multiple singularities are also Young diffeomorphisms.
An example of a pseudo-Anosov homeomorphism of the genus-2 torus admitting
only one singularity may be found in [14].

By Proposition 2.9, a pseudo-Anosov surface homeomorphism f : M — M
admits a Markov partition of arbitrarily small diameter. Let P be such a Markov
partition, and let P € P be an element of the Markov partition contained in a chart
U; not intersecting with the chart Uy of the singularity z¢. For x € P, let ¥4 (x)
and ¥*(x) respectively be the connected component of the intersection of the stable
and unstable leaves with P containing x. B N

Let 7(x) be the first return time of x to IntP for x € P. For z with 7(z) < oo,
define:

A () = U 7 (),

yeU“(z)\ A" (z)

where ﬁ“(m) C A%(x) is an interval containing z, open in the induced topology of
3(x), and A¥(z) C U"(x) is the set of points that either lic on the boundary of the
Markov partition, or never return to P. One can show the leaf volume of g“(a?)
is 0, so that for each y € A*(x), the leaf volume of F(y) N A*(z) is positive. We
further choose our interval U*(x) so that

e for y € A*(z), we have 7(y) = 7(z); and,

e for y € P with 7(z) = 7(y), we have y € A(z) for some z € P.
One can show the image under f;(m) of /N\S(x) is a u-subset containing f;(‘”) (z),
and that for z,y € P with finite return time, either A*(z) and A®(y) are disjoint or
coinciding. As discussed in [15], this gives us a countable collection of disjoint sets
1~\f and numbers 7; for which the pseudo-Anosov homeomorphism f: M — M is a
Young map, with s-sets Kf, inducing times 7;, and tower base

A= ).
=1

In the following theorem, Conditions (Y1’) through (Y5') are virtually identi-
cal to Conditions (Y1) through (Y5) in Definition 6.1. They are reprinted in the
following theorem because pseudo-Anosov homeomorphisms are not true diffeo-
morphisms, and thus by definition cannot satisfy Conditions (Y1) through (Y5).
However, analogous conditions may be established for pseudo-Anosov homeomor-
phisms, and these conditions will be used to show that globally smooth realizations
of pseudo-Anosov diffeomorphisms (which are true diffeomorphisms) are Young’s
diffeomorphisms.

Theorem 7.1. The set A defined above for the pseudo-Anosov homeomorphism
f: M — M satisfies the following conditions:
(Y1) A has hyperbolic product structure, and the sets {Kf} are pairwise dis-
€N
joint s-subsets and satisfy:
(a) invariance: for x € A$,

(v (@) c*(f7(x), and fT(y"(x)) Dv*(f" (),
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where v**(z) denotes the (un)stable disc containing x; and,
(b) Markov property: AY = f7i(Af) is a u-subset of A such that for
x € A§,
FO @) NAY) =% (@) NA, and [Ty (2) N AY) = *(f7 () N A
(Y2") For~" eTI™, we have

ve (’y“ N JN\) >0, and V° (cl( (K \ U, Kf) ﬂv“)) =0,
where v°® is the transversal invariant measure with respect to the stable
foliation F* for f.
(Y3') There is a € (0,1) so that for any i € N, we have:
(a) For x € A{ and y € v*(x),
d*(F(x), F(y)) < ad®(z,y);
(b) For z € AS and y € v*(x) N AS,
d*(z,y) < ad"(F(z), F(y)),
where F : | J; Kf — A is the induced map defined by
F K: = f‘r"’
and d* and d" are the distances in the stable and unstable leaves of the
foliations F* and F" in P, given respectively by v* and v®.
(Y4') Denote J'F(x) = det |DF|guy)|. There exist ¢ > 0 and x € (0,1) such

that:
(a) For allm >0,z € F~" (UZ Kf) and y € v*(x), we have

A;

JUF(F"(x))
JUE(F™(y))

(b) For any ig,...,i, € N with F¥(z), F*(y) € ka for 0 <k <n and
y € y*(x), we have

n

’log ’ < ckr™;

JUF(F" M)
JUF(Fr=*(y))

(Y5') There is some v* € T such that

ZTZ A ﬂ’y

Proof. Properties (Y1'), (Y3'), and (Y4') all follow from Proposition 2.7. Property
(Y2') follows because & € cl((A\J;A{) N~") implies either that x € 9P or
7(x) = oo, both of which happen on a set of Lebesgue measure 0 (and the smooth
measure for pseudo-Anosov homeomorphisms has density with respect to Lebesgue
measure). And since 7 is a first return time, (Y5') follows from Kac’s theorem. O

k

‘log ‘ < ck”.

The next lemma gives a bound on the number S, of distinct s-subsets ]N\f with a
given inducing time7; = n. Since the pseudo-Anosov homeomorphism f is topologi-
cally conjugate to the smooth realization g, this will eventually give us an analogous
bound on the number of distinct s-subsets for the base of the tower for g. (See Con-
dition (2) of Proposition 6.2.)
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Lemma 7.2. There exists h < hyop(f) such that S, < el where S, is the number
of s-sets A with inducing time 7, = n.

Proof. The proof is analogous to [15], Lemma 6.1, since pseudo-Anosov homeomor-
phisms admit finite Markov partitions. U

Let H : M — M be the conjugacy map so that go H = Ho f, and let P = H(P),
P=H (ﬁ) Then P is a Markov partition for the pseudo-Anosov diffeomorphism
(M,g), and P is a partition element. By continuity of H, we may assume the
elements of P have arbitrarily small diameter. Further let A = H(A). Then A
has direct hyperbolic product structure with full length stable and unstable curves
v (xz) = H(H*(x)) and v%(x) = H({A%(x)). Then A = H(/N\f) are s-sets and
A¥ = H(AY) = g7 (A$), where 7; = 7; for each i, and 7(z) = 7; whenever z € AS.

Recall Uy = Uy, ¢ " (Dry). If there is only one singularity, Uy = @5 " (Dy).
Given @ > 0, we can take rg in the construction of g to be so small and refine the
partition P so that the partition element P (and hence P) may be chosen so that

(7.1) g"(x) € Uy for any 0 < n < Q

and any x so that either x € P, or 2 ¢ Uy while g~ (z) € Up.

We now prove the set A = H (/~\) constructed above is the base of a Young tower
on M for the diffeomorphism g. Properties (Y1), (Y2), and (Y5) are straightforward
to verify. Our strategy in proving these conditions, along with (Y3), is similar to
that used in [15], but we restate it here for the reader’s convenience. The main
difference between the argument used for these pseudo-Anosov diffeomorphisms
and the Katok map comes in proving (Y4), where we use a local trivialization of

our surface M as opposed to the universal cover of T? by R2.

Theorem 7.3. The collection of s-subsets A5 = H(A$) satisfies conditions (Y1)
- (Y5), making the smooth pseudo-Anosov diffeomorphism g : M — M a Young’s
diffeomorphism.

Proof. Condition (Y1) follows from the corresponding properties of the pseudo-
Anosov homeomorphism f since H is a topological conjugacy. The fact that
pae (7 N A) > 0 follows from the corresponding property for the 4" leaves. Sup-
pose z € cl( (A\ |J; Aj) Nv*). Then either x lies on the boundary of the Markov
partition element P, or 7(z) = oo, and since both the Markov partition bound-
ary and the set of z € P with 7(x) = co are Lebesgue null, we get condition (Y2).
Condition (Y5) follows from Kac’s formula, since the inducing times are first return
times to the base of the tower.

To prove condition (Y3), define the itinerary Z(z) = {0 = ng < ng < -+ <
nar+1 = 7(x)} C Z of a point € A, with L = L(z), so that g*(z) € Uy if and
only if ngj_1 < k < ng; for j > 1. Assume A is small enough so that Z(z) = Z(y)
whenever y € v(x) C A.

Let x € A, y € v°(x) € A?. Denote z, = g"(x) and y, = ¢"(y). Note
~v¥(z) C F*(x). By invariance of the stable and unstable measured foliations F*
and F“, y, lies on the stable curve F*(x,) through z, for every n > 1. For
noj < n < ngjpr, Tp, F*(x,) = Ej  lies inside C; in fact one can show that
F?(xy) is an admissible manifold. Thus the segment of F*(z,) joining x, and
yn expands uniformly under the homeomorphism f~!. Due to our choice of the
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number @, there is a number 8 € (0,1) such that

(72) d (fEanJrl ’ y’ﬂ2j+1) < ﬁn2j+l_n2jd (mnzj 5 yngj) < ﬂQd (x’ﬂzj ’ ynzj) .

Now we consider naj_1 < n < ng;. Let [m},m?] C [ngj—1,n2; — 1] be the largest

interval (possibly empty) with ,, in the closure of Uy = ¢g ' (Dx, (0)) for every n €
2

[m}, m?]. By virtue of Lemma 5.2, there is a uniform 7' > 0 with mj —ng; 1 < T

and ng; — m? < T. Thus there is a constant C' > 0 so that

(73) d(xm}7y7rLJ1.) < Cd(x"LQj—l?y'"&j—l) and d(xn’.)j?yan) < Od(xmfrymf)

Now, let s(t) and $(t) be solutions to equation (3.1) with s(0) = Tyt and 5(0) = Yl -
Assumption (1) of Lemma 5.5 is satisfied since y,, lies in the stable cone of z,, for
every n, and Assumption (2) can be assured if our choice of ry in the slowdown
construction of the pseudo-Anosov diffeomorphism is chosen to be sufficiently small.
So by the final inequality of this lemma, letting a = m} and b = m?, we get:

2
s1 (m7
Jas ()| < VI @ s ()
52 (mj)
Let Agjs(t) = <I>,;j1 (5(t)) — @;jl (s(t)). Because ®y; is uniformly bounded above
and below, there is a constant K > 0 such that for every ¢ for which 5(¢) and s(t)
are defined,

(7.4) K7 Ags)]l < 1As)]] < K [|Ak ()]l

and since the Riemannian metric in Uy is given in coordinates by dt? + dt2 =
(@;jl) (ds?+ds3), we get |Agjs(n)|| = d(2zn,yn) for n € [mj,m?]. Therefore,
combining this observation with (7.4), (7.2), (7.3), and (5.1), we get:

2
d (‘Iﬂ»zj ’ ynzj) < CK? V1+a? i (mi) d (ajmjlvymjl)
m

§2 (mg)
s1(m3)
< C?K?\/1+ a2771d (mnzjfuyn%.fl)
S92 (mj)
2
< CQKzBQ vV1+ QQMd (Ian—27yn2j—2) .
52 (mj)
Since s1 (m?) and so (m]l) are each of order r(, their quotient is uniformly bounded,
so assuming @ is sufficiently large, there is a 0 < 6; < 1 for which

(75) d (wnzj ’ ynzj) S gld ($n2_7—2 ) yan_g)

and a similar bound holds for odd indices of the itinerary. It follows that

d (97(”) (x)797(””)(y)) < 0td(z,y),

where L is determined by the itinerary Z(z). Condition (Y3a) follows, and (Y3b)
follows by the same argument applied to g~ *.

To prove condition (Y4), we prove condition (Y4a) and note that (Y4b) can
be proved similarly by considering g—! instead of g. We use the following general

statement, originally presented as Lemma 6.3 in [15]:
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Lemma 7.4. Let {A,}, {Bn}, 0 <n <N, be two collections of linear transforma-
tions of RY. Given a subspace E C R?, let K = K(FE, ) denote the cone of angle
0 around E. Assume the subspace E is such that:

(a) An(K) C K for all n;

(b) There are v, > 0 such that for each n, and for any unit vectors v,w € K,

L (A, Apw) < ypl(v,w);
(c) There are d >0 and 6,, > 0 such that for each n > 0, and every v € K,
[Anv = Buol| < déy [|Ano]l;
(d) There is ¢ > 0 independent of n such that for every v € K,
[Anv]| = ellv]| .

Then there is a C > 0, independent of the choice of linear transformations {A,}
and {B,}, such that for every v,w € K,

e N

N n
‘ SC(dZén—l—l(v,w)ZH%).

N
HHn:o anH n=0 n=0 k=0

Let © € P with N := 7(x) — 1 < o0, and let y € 4*(z) C P. For each n > 0,
once again let x, = ¢"(z) and y, = ¢"(y), and in each tangent space T, M,
let K;; = K*(z,) C T,, M denote the cone of angle arctana around E“(z,)
described in Lemma 3.4. By this lemma, the sequence of cones {K;'} is invariant
under Dg. For each n, denote A, = Dg., : To oM — T, M and B, = Dg,, :
Ty, M — T, . M. Further, since y, lies on the stable leaf of x, for all n, let
P, : T, M — T, M denote parallel translation along the segment of the stable
leaf connecting y, to x,, and denote En =P,110 §n o P;l sy, M — Ty, M.
Using the orthonormal coordinates (£1,&2) for T, M defined previously, so that &;
denotes the unstable direction and &> denotes the stable direction (see the discussion
preceding Proposition 3.3), we may isometrically identify each tangent space T, M
with R? with the Euclidean metric. Call this isometry Z,, : T,, M — R? and
denote A, = Zp410A4, 051 : R2 - R? and B, = Z,41 0 B, 05,1 : R2 - R2,
Also let K = Z,(K,5) C R2. Since Z,, is an isometry and K, is a cone of angle
arctan « for each n, K is independent of n and is thus well-defined. Finally, define
the numbers d = d(x,y), as well as

Z(Apv, Ayw) } 1 { |Anv — Bpo|| }
_ and 9J, = —_——
Z(v,w) [ Anv]

(7.6) log

dwv EHIF{){(O}

v,weK

Y = max {
lvll=[lwll=1

for each n > 0.

The final step in proving our pseudo-Anosov diffeomorphism g is a Young’s
diffeomorphism relies on the following technical lemma. Its proof is somewhat
similar to the proof of Lemma 6.4 in [15], but requires some modifications related
to the subtle differences in the slowdown function used in the Katok map as opposed
to our pseudo-Anosov diffeomorphism g, as well as to the fact that the universal
cover of a surface that is not a torus is not R2.

Lemma 7.5. The linear operators A, and B, as well as the cone K, all satisfy
the conditions of Lemma 7.4 using Yn, 0n, d, and N = 7(x) — 1 defined above.
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Furthermore, there are constants C>0and0 < by < 1, independent of x € P,
such that:

T(x)—1 T(x)—1 n T(x)—1
Z O0n < 6, Z H Y < 5, and H Y < Oa.
n=0 n=0 k=0 n=0

Proof of Lemma 7.5. Condition (a) of Lemma 7.4 follows from the definition of A4,
the invariance of the cone family K;" under A,,, and the fact that =, : T, M — R2
is an isometry for every n. Conditions (b) and (c) of Lemma 7.4 follow from the
definitions of v, and §,,. Finally, condition (d) of Lemma 7.4 follows from the fact
that g is a diffeomorphism and Z,, is an isometry, so || A,|| = ||En41 0 Dga, 0 Z|
is uniformly bounded away from 0.

We begin by proving summability of §,,. Assume diamP < p, where p is the
injectivity radius of M. Since y,, € v*(x,) and d(xn,y,) < p, the tangent vector
v, = (exp,, ) ‘;zpvn)(yn) lies in the stable cone K, C T, M, where B(p,n) =
{veT, M:|v| < p} By symmetry of the vector field (3.1), we only need to
consider the behavior of the trajectories {z,} and {y,} in the “upper subsector”
S2N S}, corresponding to the first quadrant in coordinates given by ®; o ¢g. (Here
We denote S5, 55, and @; to be the subsets and functions described earher as Sp,
S/w’ and <I>kj, Where we did not assume we only had one singularity.) Further
assume Sy := Im (®;(¢o(y))) > s2 := Im (P;(Po(x))), so that Asy := 53 — 59 > 0.
Otherwise, exchange the sequences {z,} and {yn}

Recall the itinerary Z(z) = {0=ng <ny <---<ngp+1 =7(x)} C Z of the
point x € A, defined via x, € Uy if and only 1f noj—1 < n < ngj. Con51der
ng; < n < ngjir, SO T, € Up. In coordinates, g(s1, s2) = (As1, A7 1s2), so A,
are constant matrices, so ,, =0

Suppose now that ngj1 < n < ngjye. Denote by D(s1, s2) the coefficient matrix
of the variational equations of (3.1), given explicitly by

Wp(u) + 2‘?%@17(“) 25132\1}1)(“)
—251520,(u) —W,(u) — 283V, (u)
Let s(t), 5(t) : [n,n + 1] — R? be solutions to (3.1) with initial condition s(n) = z,,
and 3(n) = yn, and let A, (t) and B, (t) be the 2 x 2 Jacobian matrices
An(t) = d(0:) ((Prj 0 ¢x) (xn))  and  By(t) = d(0:) ((Pr; © dk) (yn))

where 6, : R? — R? is the time-t map of the flow of 3.1 on R2, for n <t < n+ 1.
Then A,(1) = A, and B,(1) = B, from before, and A, (t) and B,(t) are the
unique solutions to the systems of differential equations

dA;t(t) — D(s(n+1)An(t) and dB;t(t) — D(3(n + 1)) Bu(t)
with initial conditions A, (0) = B,(0) = Id. It follows that A, (¢t) — B,(t) satisfies
the differential equation
dAn(t) dBn(t)
dt dt
Using the integrating factor exp fo $(n+ 7)) dr = B,(t), this implies

(7.7 D(s1,s2) =log A

= (D(s(n+1)) = D(E(n+1))) An(t) + D(3(n+1)) (An(t) — Ba(1)).

(7.8)  A,(t) — Bu(t) = Bn(t)/o B, (t) ' (D(s(n+1)) — D(3(n +1))) An(t) dr.
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Note || D(s) — D(3)|| < [|1OD()|| ||As||, where dD(s) denotes the total derivative of
the matrix D(s1,s2) and & = (&1,&2), with min{s;,s;} < & < max{s;,s;}. This, in
conjunction with (7.8) and Lemma 5.3, gives us:

14 = Ball < 1Bl sup [|Ba(r) | 14x(r)]| I D(s(n + 7)) = D(En -+ 7))
<Ba)]| sup [|Ba() || [ An(®)[ 10D Em + )] [|As(n + )]
0<r<1
(7.9) <G, swp (E+)" V() |As(n+7),
0<r<1

where C), is a constant that depends on p, but not on n (as the matrices B,,(t) and
A, (t) are uniformly bounded above and below in n and in ).
By condition (4) of Lemma 7.4 and the definition of 4,

<;||A — B ||:1d($n2j+lvyn2j+l) HATL_Bn” .
= cd(x,y) c d(z,y) A (Znoyass Ynays )

We now claim that

nojt2—1
(710) DJ T Z d (xn2j+1 ’ yanJrl)

n=nzj+i

<0,

where C' is a constant independent of j. If this is true, then because §, = 0 for
n2; <n< N2j5+1, by (75),

T(z)—1 L mn2jp2—1 L najyo—1
Z 5 — Z Z 1d Ing;+17yn27+1) Z HAn _Bn”
n = —
n=0 j=1ln=nzjt1 j=1 ¢ ) n=ngjt1 d (mn21+1 ’ yn2j+1)

L
~Syi<e,
Cj:l

and because 0, is independent of z,y € P, and ¢ and C are both of order sup,, || 4.,

C is also independent of our choice of  and y.
Recall that [m},m?] C [n2j 4+ 1,n9542 — 1] is the largest (possibly empty) in-

terval of integers with x,, € Dz for each n € [m mﬂ and [m;, Tj] is the largest

time interval for which s1(t) < so(t) for all m]1 <t <71 If [mjl-,mf] is empty,
then s(t) € (®x; o ¢r) (D, \ Dr,) for all £ € [ngjy1,n9;42 — 1]. In this instance, by
Lemma 5.2, ngjyo —nojy1 < T is uniformly bounded, and hence (7.10) is a sum of
uniformly boundedly many terms that are uniformly bounded, by (7.9).

Now suppose [ml m2] is nonempty. The sum in (7.10) splits into four different

1777
sums:

O P A

(7.11) D; = D IEDIEEDS d (Tnas1s Ynyar)
/ ) 3 G109 j+1

We show that each of these sums is themselves uniformly bounded. This is true for
the first and fourth sum, because in these instances, s(t) is in the annular region
(®xj 0 ¢r) (D, \ Dr,), and so the number of summands is uniformly bounded by
Lemma (5.1).
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To show this for the middle two sums, note that since 5(t) € R? is in the stable
cone of s(t) for all ¢ in the domain, we have

(7.12) |Asi| < alAsy < Ass.

First, suppose m; <n < T; —1, so that s1(t) < s2(t). We would like to apply
1

Lemma (5.5) in the interval [m},n], so we require AGZQ(:;IJ) ) < 1= This is attain-

able by choosing 1o to be sufficiently small and @ in (7.1) to be sufficiently large.
Applying Lemma (5.5) for n <T; — 1, and 0 < 7 < 1, we get:
|As(n+7)| < 2As5(n+7)
Asy(my)
s9(m})
Asy(my)

s9(mj)

_ —a —B
sa(n+7) (1 + 2¥0052(m;)2pp (n+7— mjl))

(7.13)

1\ 2p=4 1 P
so(n+7) <1+COS2(mj) P (n—|—T—mj))

since = 27CP=2/P(1 —a) > 0. Recalling £(t) = (£1(t),&(t)) is such that
min{s;, s;} <& < max{s;,s;} for i = 1,2, (5.4) gives us

s5(t) < (€7 +€3) (1) < 2(1+ k)3 (t) < Os3(t)

as Kk = A‘ZZ < 1= Estimates (7.9) and (7.13) give us:

S

HAn_Bn”

< By ot 75 (14 Comtm (7))
——— sup Sa(n+T) P So(m;) » (n+7—m; ,

= sz(mj) OSTI;I 2 052{M; j

where we are using the fact that |Asy| < ||As||. Applying Lemma 5.4(b) on the
interval [m;, n—+ 1] gives us

[An — Ball
 clason]

(m})"7
sup So(m;) »
s2(mj)  o<r<1 J

1) 2p=4 1 —-1-p
(1 + CQSQ(mj)T<n +7— mj))

p—4 2p—4 —-1-8
:CHAs(m;)HSQ(m})T (1—}—0082(777/}) E (n—mjl)) .

We make three observations. First, recalling that n = m} is the first time that
s(n) is within 7 of the origin, we observe that sy(m}) is bounded above and below
by a constant multiple of 71, independent of x € A or j = 1,...,L. Second,
||As(mj1)|| =d (mm},ym;), by definition of our Riemannian metric in U4y. Third,

since Lemma 5.1 implies m; — ng;+1 is bounded by a value independent of x or j,

d\z,,1,Y,,1
u is uniformly bounded independently of z,y € A or j > 1.
d($21+17y2j+1)
These three observations imply:

[An = Bnl

d (Z2n41,Y2n+1)

the value

2p—4

~1-8
< C<1+C’052(m;)7(n7m})) .
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Therefore,
- B, H > 2p—4 —1-8
- C (1 + Cos 7 (n—m} ) ,
TLXT:YL d x2n+1,y2n+1 nz 0 2 ) ( ])

which is uniformly bounded in j. Therefore the second term in (7.11) is uniformly
bounded in j.
Finally, we turn our attention to the case where T; < n < m? where we have

s1 > sg. By symmetry, we have that T; > (mf + m} — 2) /2. By (7.12) and the
second inequality in Lemma 5.5, we have:

|As(n + 7)|| < 2As2(n+T)

< gAs2(T})

<2——=s51(n+T1
s1(T}) il

1+ 2=2/PCys,(m )(210 /P (m? m? —n—7) A
1+ 2(p—2)/p0031(m2)(2p 4)/P(mj —T5)

Since min{s;, s;} < & < max{s;,s;} fori = 1,2, we have s; —|As;| < & < s;+|Asy.
In particular,

2 | 42 2 |As] 2 5 Aso
§1+§22512(81—|A81|) _51 1-— >si(1——= >C 817

S1 S1

and

A 2
€462 < (s1+|As1])? + (52 + |Asa|)® < 2(s1 + Asy)® = 284 (1 + 832> < Cs?,
1

which both follow because 232

these two estimates imply

is monotonically decreasing by (5.10). Together,

(51(’/1—"-7')2 +§2(n+7_)2)(17*4)/2p S 081(n+7)(p_4)/p-

Applying (7.9) and inequality (a) in Lemma 5.4 to these inequalities gives us:

|An = Ball < C sup [smnm(p‘”/ﬂ ||As<n+7>|}

0<r<1
p—2 2p—4 B
Aso (T pea (1427 Cosi(m?)" 7 (m2—n—71
<2022 ) o Ly ) Connlmy) 7 (m, )
s1(Tj) o<r<1 14257 Cosi(m?) ™5 (m2 — Ty)
p=2 g\ 22=4 B-1
Asy(T5) - <1+2 v Cosi(m3) » (mj—n—7)>
< 20—+ (m3) 7 sup
31<Tj) 0<7<1 1+2$C gy 22=4 B
051(mj) b (mjij)

By (5.6), since s1(m3) and sy(mj) are uniformly bounded,

|Asa(T5)] 2\(2p—4)/p [Asa(T)] 2\(2p—4)/p

— g1 (m5 = ———"g(m5
s1(13) mj) s2(T) rmj)
_ [Asy(m)

2y(2r—4)/p < O|A Lyl
o] LD < Clsa(m))
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. A H . . .
Furthermore, since A5z (m;)| is uniformly bounded, we finally obtain:

d(1"2j+1’y"2j+1

p—2 2p—4 B—-1
|4, — Bal| <c(1+2 7 Cosa(m3) 7 (3 )
= e e ﬁ ‘
o) (1125 Gonndy (1)
Therefore,
m?2
- HAn - Bn” 2p—4

S C (1 + 2177’;20081(77’1?)
n=T; d (I"2j+1ayn2j+1)

<

3

2
J
2p—4

p—2 -1
X (1 +277 Cosi(m3)™ 7 (m] — n))

n=

!

2p—4

p=2 —B
<C (1 +277 Cosi(m)™ 7 (m] — Tj)>

m =T p=2 gy 2p=4 \FA~1
x 1+/ (1+2 v Cosi(m3) ™5 T) dr
0

2p—4

<C (1+2‘%20051(m§) T (2 ij))

p— p— p—2\B
(1 + 2720031(771?)2 O (mF — Tj)T2>

x |1+

2%Cosl(m§) o

2p—4 -1
<C (1 + (227?1 ’ Co,é’) ) :

where the second inequality follows from the fact that the integrand is a decreasing
function of 7, and the final inequality follows from the fact that 7 < sl(m?) by
definition of m?. Therefore the third sum of (7.11) is uniformly bounded. This
completes the proof that §,, is a summable sequence.

We now prove the estimates involving ;. For mn € [ng;,ngj11 — 1], we have
T, Yn & Uy, where Dg,, and Dg,, are constant hyperbolic linear transformations.
For these values for n, the maps contract angles uniformly, so there is a v > 0 for
which v, < v < 1forall n. Forn € [m]l, m?], we have x,, € Uj, so applying Lemma
5.6,

J

H Yo < (1 + COSQ(m})(Qp*‘L)/p (m? —mj)

—anl
n=m:;
J

)—P/(P—2)

< (1 (m = m3)) "0,

j) is uniformly bounded. Because the interval of integers [mj,m?] dif-

since sg (mj
fers from [ngjy1,n9;42 — 1] by a finite set, and the cardinality of this finite set is

uniformly bounded in j by Lemma 5.1, there is a uniform constant C’ > 0 for which

naj2—1
[I <o @+cmi-—m)) " <c.
J=nazji1
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In particular,
n2j+2—1
(7.14) [T <y <o,
n=naz;
for some constant 65 > 0. The third estimate of the lemma follows.
To prove the second and final estimate of the lemma, we observe that a similar
estimate to (7.14) may be made with the upper limit replaced with ng;41 — 1. In
particular, for noj11 <n < ngjye — 1,

[T w=soa+cm—ngy)™™?
k=nz;j+1

and
n2j+1—1

H Yo < 05

n=nzj

for some 05 > 0 that is uniformly bounded. Therefore,

T(z) n L(z) n2j42—1 n L(z) [no2;j— najr2—1 n
D Iw=2> > Ilw=2 H% > Il »
n=0 k=0 7j=0 n=nz; k=0 7=0 n=ng; k=na;
L(x) il noj41—1 najya—1
< ol > Il w+ II » X H Vi
7=0 n=nz; k=na; k=na; Nn=nzji1 k=ng;i1
L(x) el n2j42—1
< o D Ty Y (14 Cln—naypa)) Y
j=0 n=nz; n2j+1

Because the two sums in the inner parentheses above are both uniformly bounded,
there is a C"" > 0 for which

T(Z n

ZH%“”Z@

n=0 k=0

which gives us the second estimate in the lemma. O

We continue with the proof of the theorem. Observe that

T(x)—1

Er © H AnoZo | (v)=D(g"™) v VveT,M,

and
T(x)—1
P! H B, 0Eyo Py | (v) :D(gT(I))yv Vv e Ty,M.
=0

=1
(@) © Zr(x) °
In particular, since both Z,, and P, are linear isometries for all n > 0, we have

T(z)—1
1 4@ :HD (gT(x)> vH VoeT,M,
n=0 r
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and
T(z)—1
H B,w|l = HD (gT(m)) wH YweT,M,
n=0 Y
where ¥ = Zgv € R? and w = (g o Py)w € R2. Additionally, for v € T,, M and
weTl, M,
Z(Dgy, v, (Pyt+10Dgy, ) w) = £(A,0, B,W),
where here 7 = E,v and w = (E,, o P,,)w.
Now, suppose v € KT (z) and w € K*(y), and once again denote 7 = Egv and
w = (Eg o Py)w. Since Pyw € KT (x), Lemmas 7.4 and 7.5 yield:

D (g7@ e Al |
UG el g 12520 2L oy + 2 (0, Pow))
ol ™ [l

(7.15) |log

where we are using the fact that £ (v, Phw) = £ (v, w). Furthermore, for v € T, M
and w € T, M, the definition of 7, and Lemma 7.5 give us:

£(D(g7), v, (Prwy o D (579), ) w)
Z(v, Pyw)

- T(ﬁl £ (Dga, (Dgiv) , (Pas1 0 Dgy,) (Dgyw))

Z(Dgpv, P, (Dgnw))

n=0

_ T(ﬁl £ (An (B (Dg20)) , By ((En 0 Po) (Dglw)))

Z(En (Dgpv), (En o Py) (Dgpw))

n=0

T(z)—1
(7.16) < I <.
n=0

Denote G : A — A by G(z) = g™ (z). If v € E* (é”(z)) and w" € E* (@"(y)),

then there are v € E¥%(z) and w € E%(y) such that v" = Dé;’v and w" = Dé;’w
By (7.15), (7.16), and condition (Y3),

log m <oC <d( ()" (@), (57" (y)>
Aot
x y
< C’é(a”d(x, y) + 05 Z (v, Pyw) ).
Since 0 < a, 02 < 1, this proves (Y4)(a). O

8. PROOF OF THEOREM 4.1

We now drop our assumption that the pseudo-Anosov diffeomorphism g admits
only one singularity. By Proposition 6.2 and Theorem 7.3, since g : M — M is a
Young’s diffeomorphism, the geometric potential ¢ (x) = — log |Dg|Eu(x)| admits
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an equilibrium measure, which is the unique g-invariant SRB measure. This is the
same measure as p; introduced in Proposition 3.2, as up is absolutely continuous
along the unstable foliations and thus an SRB measure. (This justifies our use of
the notation pq to describe this measure).

By Proposition 3.1, the pseudo-Anosov homeomorphism f and the pseudo-
Anosov diffeomorphism g possess the same topological and combinatorial data,
including topological entropy. Thus the number S,, of s-sets A} C A with inducing
time 7; = n for g is the same for both f and g. Therefore by Lemma 7.2, there is
an h < hiop(g) = hiop(f) such that S, < eh™.

Recall that v is the measure on M given locally by the product of lengths of local
stable and unstable leaves described in Theorem 2.8, and py is the measure given
by the Riemannian metric ( described in Proposition 3.2. By Theorem 2.8, v has
a density with respect to w1, which vanishes at the singularities. By Proposition
10.13 and Lemma 10.22 of [7], h,(f) = htop(f) = log A, so in fact h < h,(f). Since
v = on M\ Uy, and p;(Up) may be made arbitrarily small by shrinking rq if
necessary, the Pesin entropy formula implies

(8.1) - / log A dv + / log | Dgl g ()] dpa () < hu(f) + e,
M\Uo Uo

where € > 0 is as small as we need. From this we conclude that h < h, (g). Hence
by Proposition 6.2, there is a ¢y < 0 for which for all ¢ € (¢g,1), there is a measure
p: on P that is an equilibrium state for the geometric t-potential ;.

Since f is Bernoulli, every power of f is ergodic, so f satisfies the arithmetic
condition. Since f and g are topologically conjugate, this is also true for g.

We now prove (6.3). If z,y € A and y € ~*(z), the distance d (f7(z)f(y))
decreases with j. On the other hand, if y € v*(z), then d (f7(z), f’(y)) increases
with j, but is bounded by diam P when j = 7(z). An application of the triangle
inequality and hyperbolic product structure of A now yields (6.3). It now follows
that u; has exponential decay of correlations and satisfies the Central Limit Theo-
rem, by Proposition 6.2. Since (M, g, u¢) has exponential decay of correlations, this
dynamical system is mixing. By Theorem 2.3 in [19], (M, g, ) is Bernoulli.

To show 7y may be chosen to accommodate any ty, we show that as rg — 0,
we may take typ = —oo. Fix ¢ > 0, and choose x € A{. Recall g = f outside of
L~{0; in particular, the local stable and unstable leaves are unchanged outside of HO.
Assume z is a generic point for the SRB measure ;. Let U = ;- ; qS,;l (D;1/4),
and write 7; as

S
T = E g,
j=1

where the integers n; are chosen like so:

The integer nq is the first time when g™ (z) € Uy \ Us;

The integer ny is the first time after ny when g™ +m2 () € Us;

the number nj is the first time after ny 4+ ny when g™ 2413 (z) € Uy \ Us;
the number ny is the first time after ny + ng +ng when g Tn2tnstna () o
Uo;
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and so on. It is possible that some n; may be equal to 0, but this does not change
our calculations. Observe @ < nj, where @ is the number from (7.1). If rq is
sufficiently small, @) is large enough to ensure that

(8.2) log |J“g"™ ()] < ni(log A+ ¢€).

By (7.7), for = € Uy \&2, we have log|J%g(z)| < logN for some constant N
independent of g or of the number of prongs p. Therefore,

(8.3) log|J“g™*(z)] < nalog N and log|J“g™(z)| < nylog N.

For ¢ € Us, if z is in a neighborhood of a singularity with p prongs, ¥,(u) =
(g)(2p74)/p uP=2/? and W, (u) = 1’1.%2 (%)(zp%)/p u~2/?. By (7.7), for such points
x, log |J"g(x)| < log A. Therefore,

(8.4) log |J“g"*(x)| < ngzlog .

Similar estimates hold for the other n;. Observe that

(8.5) log

TUG()| £ 3 log T (g @)
j=1

Similarly to Lemma 5.2, the number of iterates the orbit of z spends in Z:l\o \Z:{\Q
is bounded above by a constant T}, independent of both ry and p. It follows from
(8.2)-(8.5) and the definition of A; in (6.1) that

274 log N
log Ay Slog/\JreJr%

Meanwhile, (8.1) implies that for sufficiently small rg,

/ log ‘Dg
M

logA —e < hy, (g9) <logA+e.
Furthermore, one can show log A1 > hy,, (g) (see Remark 3 in [15], which is a general
statement about Young diffeomorphisms). Therefore,

log A —e < hy, (9) <log A <log+ 2e.

It follows that the difference log A1 — h, (g) can be made arbitrarily small if r¢ is
chosen to be sufficiently small. By (6.2), this shows that tg — —oc0 as rg — 0.

We now show how p; may be extended to a measure on M, as opposed to a
measure only on images of the base of the tower. Suppose we have another element
P of the Markov partition satisfying (7.1). As above, there is a ty = to(P) < 0 for
which for every t € (fo, 1), there is a unique equilibrium state f; for the geometric

<log A + 2.

(8.6)

E“(a;)| dpa(z) —log A| <e,

or equivalently,

t-potential among all measures p for which u(ﬁ) > 0, and pi;(U) > 0 for all open
sets U C P. Since g is topologically conjugate to a Bernoulli shift, g is topologically
transitive. Therefore for any open sets U C P and U C P, there is an integer £ > 0
for which ¢*(U)NU # ). By invariance of ji; and p; under g, it follows that p; = fi;.

Consider now an element of the Markov partition that does not satisfy (7.1). If rg
is sufficiently small, the union of all partition elements satisfying (7.1) form a closed
set Z C M, whose complement is a neighborhood of the singular set S with each
component containing a single singularity. If w is a g-invariant probability measure
that does not give weight to partition elements in Z, then w is a convex combination
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of the -measures concentrated at the singularities. If P is our partition element in
the proof of Theorem 7.3, we observe w(P) = 0, so w is clearly out of consideration
as an equilibrium measure for ¢;. So any equilibrium measure for (M, g) must
charge partition elements in Z. Therefore, set
to = max to (P)
PeP, PNZ#D

Since tg — —oo as rg — 0 and u:(P) > 0 for tg < t < 1, this tg suffices for the first
statement of Theorem 4.1.

To prove Statement 2 of Theorem 4.1, suppose w is an invariant ergodic Borel
probability measure. By the Margulis-Ruelle inequality,

hw(9) S/ log‘Dg|Eu(x)’ dw(x) = —/ o1 dw.
M M

Hence hy,(f) + [p1dw < 0. If w has only 0 as a nonnegative Lyapunov expo-
nent almost everywhere, then log |Dg|Eu(z)‘ = 0 w-a.e. The only point at which
log |Dg|Eu(I)| = 0 is at the singularities of g, so w is a convex combination of the
d-measures at the singularities. In this instance, we have hy,(g) + [ ¢1dw = 0, so
P(p1) =0, and w is an equilibrium state for ;.

On the other hand, part 1 of Proposition 6.2 guarantees the existence of an SRB
measure u; for g. In particular, u; is a smooth measure, so by the Pesin entropy
formula, h,(f) + [p1dp = 0, so p is also an equilibrium measure. Any other
equilibrium measure with positive Lyapunov exponents also satisfies the entropy
formula. By [12], such a measure is also an SRB measure, and by [18], this SRB
measure is unique. This proves Statement 2.

Finally, to prove Statement 3 of Theorem 4.1, fix ¢t > 1, and let w be an ergodic
measure for g. Again, by the Margulis-Ruelle inequality,

he(g) < t/log‘Dg|E“(m)| dw,

with equality if and only if [ log ’Dg| Eu(z)‘ dw = 0. In particular, we have equality
if and only if w has zero Lyapunov exponents w-a.e. As we saw, the only measures
satisfying this are convex combinations of d-measures at singularities, so hy(g) +
J i dw < 0, with equality only for w = > A\;d,,, with > A; = 1. Hence the only
equilibrium states for ¢; with ¢ > 1 are convex combinations of J-measures at
singularities.
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