Dynamical Properties of Pseudo-Anosov Maps
Student-Directed Colloquium

1 Preliminaries

1.1 Thurston’s Classification

Thurston showed that all diffeomorphisms f : T? — T2 of the two-dimensional torus ae isotopic to one of
the following toral automorphisms A € SL(2,Z):

e A has distinct (conjugate) complex eigenvalues (A; = o, |A;| = 1), and A is of finite order;

e A has repeated eigenvalues of 1 or —1, respectively resulting (after a change of coordinates) in one of

the following Dehn twists:
1 a -1 a
A= ( 0 1 ) or A= < 0 -1 )

e A has distinct irrational eigenvalues whose product is 1, making A an Anosov diffeomorphism.
This classification of toral diffeomorphisms can be extended to compact manifolds like so:

Theorem 1 (Nielson-Thurston Classification). Any diffeomorphism g of a compact surface M is isotopic
to a map f: M — M satisfying one of the following properties:

e f is of finite order (that is, f™ =1id for somen > 1);

o f is reducible, leaving invariant a closed curve;

e f is pseudo-Anosov.

As with many classification theorems in geometry and analysis, one can think of these results respectively
as being “elliptic” (stable), “parabolic”, and “hyperbolic”.

1.2 Uniformly Hyperbolic Systems

Definition 1. Let U C M be open so that f : U — f(U) is a diffeomorphism. A compact f-invariant set
A C U is a hyperbolic set if there is a A € (0,1), C' > 0, and a splitting T, M = E*(z) @ E*(x) at each
tangent plane for x € A so that:

1. |Dfrv]] < CA™ |lv]| for every v € E*(x), n > 0;
2. |Df; ™| < CA™||v|| for every v € E%(x), n > 0;
3. Df. (B*(2)) = E*(f(x)) and Df, (E*(x)) = E*(f(x).
IfU =M, then f: M — M is an Anosov diffeomorphism.
NOTE: Hyperbolic sets are common. Anosov diffeomorphisms are not.

Definition 2. Let N be a nilpotent simply connected real Lie group, and let I' C N be a closed subgroup.
Then the quotient manifold M = N/T is a nilmanifold.

Let F be a finite set of automorphisms, and define the semidirect product N x F. An orbit space of N
by a discrete subgroup of N x F acting freely on N is a infranilmanifold.

All known Anosov systems are (up to conjugation with a homeomorphism) either:
e hyperbolic matrices in SL(n,Z) acting on T"; or

e induced systems on nilmanifolds (quotiented over discrete subgroups I') or infranilmanifolds.



Theorem 2. The only 2-manifold admitting an Anosov diffeomorphism is T2.

Conjecture 1. All Anosov diffeomorphisms f : M — M are topologically transitive: there exists a dense
orbit of f, or equivalently (on a manifold), there are open U,V C M such that f*(U) NV # & for some
n € N.

Example 1 (Cat map). Let A = ? 1 ) € SL(2,Z), which has eigenvalues 0 < A™! < 1 < X\. Then A
induces a map f on T? = R?/Z2.

Theorem 3. If f : M — M is an Anosov diffeomorphism, then M has two transverse foliations F° =
{Ws(x)}, F“={W"(x)} so that forx € M,

o« Wi(a) = {y € Mid(f (@), () "= 0}

o« Wi(x) = {y € M:d(f (), f () 22 0}

o T,W*(z) = E*(x) and T,W"(z) = E%(x);

o f(W3(x)) =W=(f(z)) and f (W*(z)) = W"(f(z)).
For M = T2, these stable and unstable manifolds are the affine eigenspaces of the hyperbolic toral automor-
phism A € SL(2,7Z).
For € > 0, the local stable/unstable submanifolds at a point © € M are:

Wi@) = {y € M d(f"(2), "(y)) < e Vn > 0}
and
Wi (z):={y e M:d(f"(x), f"(y) <eYn>0}

And,
W) = | W2(f" (@) and W*(z) = | WX (f"(x)).

n>0 n>0

Theorem 4 (Local product structure). There is €g,09 > 0 such that if z,y € M have d(x,y) < g, then
[z,y] ;== W*(x) N W"(y) consists of a single point.

Given a finite (or countable) alphabet of symbols {Ry,..., R,}, the symbolic shift space is the dy-
namical system (£2,,,0), where Qr = {Ry,..., R,}? (with the product topology of discrete topologies) and
o(w) =0 (wi);>0 = (Wi+1>0);5- A subshift of finite type is a o-invariant closed subset 24 of Q.

Definition 3. A Markov partition of a smooth dynamical system f : M — M is a collection of disjoint
open sets {Ry,..., R,}, called “rectangles”, so that:

e 1(U, R;) = p(M), where p is the Riemannian volume of M;

e There is a subshift of finite type Q4 of Qg such that, for any w € Qg (with w; = Ry, for each ), the
intersection (2 ___ f~*(Ry,) is a single point = (w), and the map 7 : Q4 — M is a semiconjugacy:
moo = fom.

In this sense, a Markov partition allows us to analyze our smooth system as a symbolic system almost
everywhere.

For Anosov systems or systems with local product structure, the rectangles are formed so the edges are
leaves of these stable and unstable foliations.

Theorem 5. Anosov systems f: M — M admit Markov partitions of arbitrarily small diameter.



2 Measured Foliations

Definition 4. A measured foliation with singularities is a triple (F, S,v), where:
e S={x1,...,2,} is a finite set of points in M, called singularities;

e F=FWSisa singular foliation of M, where F is a collection of C*™ curves and S is a partition of S
into points;

e 1 is a transverse measure; in other words, v is a measure defined on each curve on M transverse to the
leaves of F;

and the triple satisfies the following properties:
1. There is a finite atlas of C'°° charts gy : Uy = C for k=1,...,¢, £ > m.

2. For each k = 1,...,m, there is a number p = p(k) > 2 of elements of F meeting at xj, (these elements
are called prongs of ) such that:

(a) pr(zr) =0 and ¢r(Ug) = Dy, :={z € C: |z| < ai} for some ay > 0;
(b) if C € F, then the components of C' N U}, are mapped by ¢k to sets of the form

{z €C:Im (zp/z) = constant} N or(Uk);

¢) the measure v l)k is the pullback under Pk of

3. For each k > m, we have:
(a) ¢r(Ux) = (0,br) x (0,c,) C R? = C for some by, c > 0;
(b) If C € F, then components of C'N Uy are mapped by ¢k to lines of the form

{z € C:Imz = constant} N ¢ (Uy).

(¢) The measure v|Uy is given by the pullback of |Im dz| under ¢y.

Remark 1. Properties (2) and (3) in the above definition ensure that v is holonomy-invariant. In particular,
if v and +/ are isotopic curves in M \ S, and the initial and terminal points in v and 4’ lie in the same leaf

of F, then v(v) = v(v).

Definition 5. A surface homeomorphism f of a manifold M is pseudo-Anosov if there are measured singular
foliations (F*,S,v®) and (F*, S,v") (with the same finite set of singularities S = {z1,..., 2, }) and an atlas
of C'° charts ¢ : Uy — C for k =1,...,¢, £ > m, satisfying the following properties:

1. f is differentiable, except on S.

2. There are two measured singular foliations (F*°, S, v*®) and (F*,S,v*), which share the same singular
set S on which f is not differentiable, and for each x;, € S, F* and F* have the same number p(k) of
prongs at xg.

3. The leaves of F° and F*“ intersect transversally at nonsingular points;
4. both singular foliations F*° and F* are f-invariant;

5. There is a constant A > 1 such that

FF W) = (F o' /0) and  f(F"0") = (F* Ah);



6. For each k =1,...,m, we call Uy a singular neighborhood, where we have:
(a) i(zr) =0 and pr(Uy) = D, for some a) > 0;
(b) if C is a curve leaf in F*, then the components of C' N Uy are mapped by ¢ to sets of the form
{z € C:Re (zp/2> = constant} N Dg,;
(c) if C is a curve leaf in F*, then the components of C' N Uy are mapped by ¢y to sets of the form

{z €eC:Im (zp/z) = constant} N Dg,;

(d) the measures v°|U, and v*|Uy, are given by the pullbacks of
‘Re (dzp/Q) ‘ = ‘Re (z(p_Q)/de)‘

and
’Im (dzp/2>‘ = ‘Im (z(pfg)/zdx) ’

under @y, respectively.
7. For each k > m, we call Uy a regular netghborhood, where we have:

(a) ¢r(Ux) = (0,br) x (0,c) C R? ~ C for some by, c, > 0;
(b) If C is a curve leaf in F*, then components of C'N Uy are mapped by ¢y to lines of the form

{z € C: Rez = constant} N ¢ (Uy);

(¢) If C is a curve leaf in F*, then components of C' N Uy are mapped by ¢k to lines of the form
{z € C: Im z = constant} N ¢ (U);

(d) the measures v®|Uy and v*|Uy, are given by the pullbacks of |Redz| and |Im dz| under ¢y, respec-
tively.

Proposition 1. A pseudo-Anosov homeomorphism f : M — M is smooth except at its singularities. For
xeM\S, T,M =T,F°(z) ® T, F*(z), and in these coordinates, D fz(£°, &%) = (£° /A, ™), where £ and
& are nonzero vectors in T, F*(x) and T, F"(x), F*(x) and F*(x) represent the curve containing x in the
respective foliation, and X is the dilation factor for f.

Proposition 2. A pseudo-Anosov surface homeomorphism f : M — M preserves a smooth invariant
probability measure v defined locally as the product of v° on F"-leaves with v* on F*-leaves. This probability
measure v has a density with respect to Lebesqgue measure m, which vanishes at singularities.

Proposition 3. Every pseudo-Anosov homeomorphism of a surface M admits a finite Markov partition of
arbitrarily small diameter. Congjugated to the symbolic system induced by this Markov partition, with the
measure v as in the preceding proposition, (M, f,v) is the full Bernoulli shift (i.e. is mazimally chaotic).

I want to emphasize that these are more powerful in a sense than Anosov systems in that they are defined
on essentially any manifold in some capacity. However, by first Thurston classification, all hyperbolic maps
of the torus (i.e. pseudo-Anosov candidates) are regular Anosov diffeomorphisms.

Construction: One can construct pseudo-Anosov systems by taking a linear map of the torus and lifting
it to a map on a covering space. But like Anosov systems, pseudo-Anosov systems are hard to construct
explicitly.



3 Smooth Realizations

Let p = p(xp), and let ¢ : Uy — C be the chart described in part (6) of definition (5). The stable and
unstable prongs at xo are the leaves P and P, j =0,...,p—1 of F* and F*“, respectively, whose endpoints
meet at xg. Locally, they are given by:

; 2j+1
Pj”—(pal{pe”:ﬂgp<a077— ]; 7r},

. 21
and sz(p&l{pe”:ogp<ao,7':pjﬁ}.

For simplicity, assume f (Pjs) C Pf for all j = 1,...,p. Furthermore, we define the stable and unstable
sectors at o to be the regions in Uy bounded by the stable (resp. unstable) prongs:

. 25 —1 25 +1
Si=wol{ﬂe”:0§p<ao, Im<r< il W}’
p P
) 27 2742
and S;‘:tpol{PelT:0<P<ao,]7T<T< s W}~
P p

The strategy for creating our diffeomorphism g is adapted from section 6.4.2 of [?]. In each stable sector,
we apply a “slow-down” of the trajectories, followed by a change of coordinates ensuring the resulting
diffeomorphism g preserves the measure induced by a convenient Riemannian metric.
Let F : C — C be the map s1 4 is3 — Asy +is2/A. Note F' is the time-1 map of the vector field V' given
by
51 = (log )\)81, ég = —(IOg /\)52

Let 0 < r1 < 7o < ag, and define 79 and 7, by r; = (2/p)r§/2 for j =0, 1. Define a “slow-down” function ¥,
for the p-pronged singularity on the interval [0, 00) so that:

(1) Uy(u) = (p/2)PP=D/Pue=2/P for u < 7;
(2) ¥, is C*° except at 0;

(3) Wy, (u) >0 for u > 0;

(4) Wy(u) =1 for u > 72,

Consider the vector field Vi, defined by
$1=(logA\)s10,, (sT+s3) and $ = —(log\)s2 ¥, (s7 + 53) .

Let G, be the time-1 map of the vector field Vg . Assume ry is chosen to be small enough so that G), = F' on
a neighborhood of the boundary of D5, and assume ¢ is chosen to be small enough so that D, is disjoint
from the other open sets in the atlas defined in Definition 5 parts (6) and (7).

Let ag = (2/p)ag/2, and define the coordinate change ®; : ¢0S$ — {2z : Rez > 0} N Dg, by
D(2) = (2/p)2P/? = w = 81 + isa.
Define g : M — M by g(z) = f(x) outside D,,, and meanwhile define g on each sector S5 by
9(x) = 05 ' ;G @ p0(2).

Theorem 6. The function g defined above is well-defined on the unstable prongs and singularity. It is in
fact a diffeomorphism topologically conjugate to f, and for any € > 0, ro and r1 can be chosen so that
lf = gllco < e. In particular, g admits a Markov partition of arbitrarily small diameter.



Next we define a Riemannian metric { = (-,-) on M \ {zo} with respect to which the map g is area-
preserving. In the stable sector Sj N l(Dao), we consider the coordinates w = s + is2 given by ®; o ¢
defined above. Outside of this neighborhood, we use the coordinates z = s1+is3. In both sets of coordinates,
the stable and unstable transversal measures are v® = |ds;| and v* = |ds2|. On stable sectors in M \ {zo},
we define the Riemannian metric ¢ to be the pullback of (ds% + ds%) a4 (s% + sg) under ®; o ¢g. In regular
neighborhoods (Uy, ¢y), we define ¢ = 5 (ds? + ds3). Since 7y is chosen so that ¢y " (D) is disjoint from
regular neighborhoods, and ¥ (u) = 1 for u > 73, ¢ is consistently defined on chart overlaps. One can further
show that ¢ agrees with the Euclidean metric in ¢ ! (D, ). So ¢ can be extended to a Riemannian metric
on M.

Theorem 7. The diffeomorphism g : M — M is area preserving with respect to the Riemannian metric ¢
defined above.

4 Thermodynamics

My main research objective is to effect thermodynamic formalism. Given a probability measure p on a
compact manifold M with a p-preserving map f : M — M, the entropy of the map is h,(f).

Without getting into details, h,(f) is the amount of “randomness” in the system in the following sense:
suppose ¢ : M — R is continuous. We can think of ¢ as a random variable (an observable) on the probability
space (M, u). Then X, := ¢ o f™ is a stochastic process, and greater entropy leads to more scattered or
“chaotic” values of X,, as n — oo.

We often have a potential function ¢ : M — R. In principle, this potential function can be any contin-
uous function. But the potential function I'm most interested in is ¢;(z) = —tlog |df|Eu(x)}. This is the
geometric potential: it’s the potential function of interest for a dynamical system, since it shows how expan-
sive the dynamics are.

For example, for pseudo-Anosov homeomorphisms, |df EU(I)| = A>1forevery z € M\ S, so g(x) =

—tlog A.

But the geometric potential is a little bit more subtle for globally smooth pseudo-Anosov models, in that it
vanishes at the singularities but may fail to be Holder continuous there.

In general, we are interested in measures p that maximize the quantity

hu(f) + /M pdp.

In a sense, the integral of the potential represents the “total energy” the system possesses with that potential
energy field (strictly speaking times a negative constant, which we usually absorb into ¢). So optimizing this
quantity is a mathematical formalization of the thermodynamic principle that nature “maximizes entropy
and minimizes energy”.



