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Equilibrium States

AlmOSt AnOSOV DIfFeOmorphlSmS of Almost Anosov

Diffeomorphisms

Def|n|t|on Dominic Veconi
A C* diffeomorphism f on a Riemannian manifold M is Almost Anosov
\VET

almost Anosov if there exist two continuous families of cones
x +— CZ,C: C TM such that, except for a finite set S,

X)X

1. DFECY C CY and DECS D C3;
2. |Dfv|| > |[v|| Vv € € and || Dfv|| < ||v|| Vv € C5.

By continuity, it follows that for each p € S,

» Df,C, C Cp, and Df,Cp 2 C5;

> [|[Df,v| = |lv|| Vv € Cp and ||Df,v|| < [[v]] Vv € C.
Assume S is invariant, and in fact fp = p for all p € S (by
considering ).

Remark

The above definition will yield a regular Anosov
diffeomorphism if we remove the clause “except for a finite
set S”.




Equilibrium States

Non_degeneracy of Almost Anosov

Diffeomorphisms

Denote B,(A) = {x € M : d(x, A) < r}, with d(x, A) the Dominic Veconi

. . . 2
Riemannian distance from x to the set A C T<. P —
\VET

Definition

An almost Anosov diffeomorphism is non-degenerate (up to
third order) if there exist constants ry > 0 and k", k° such
that for all x € B, (S),

IDEV] > (1+ k%d(x, SY) vl Wvecy,
IDEv] < (1—rK%d(x,S)?) v Vvecs.

If £ is almost Anosov, then for any constant r > 0, there
exist constants 0 < K* < 1 < K", depending on r, such that
for all x € B,(S), and for all v¥ € C¢ and v* € C3,

IDfv[ = K= [vll and  [[Dcv]] < K*|[v]]
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Stable and UnStable SmeanlfOIdS of Almost Anosov

Diffeomorphisms

Define the local stable and unstable manifolds at the point Dominic Veconi

X € M: Almost Anosov
\VET

WX (x {yel\// d(f Ty ™ X)<8 Vn>0}
We()—{yel\/l.d(f"y,f")ga Vn > 0}.

Theorem (Hu 2000)

There exists an invariant decomposition of the tangent
bundle into TM = EY & E® such that for every x € M:

» EJ CC)l forn=s,u;
» Df.E] = E"fx) forn = s, u;
» W.'(x) is a C* curve, which is tangent to E"(x) for
n=s,u.
Furthermore, the decomposition TM = EY @ E® is
continuous everywhere except possibly on S.
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Coordlnates Of SlngU|ar|ty of Almost Anosov

Diffeomorphisms
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Proposition (Hu 2000)
Almost Anosov

Iff: M — M is almost Anosov and p € S, then D?*f, =0, Maps
so there is a coordinate system around p for which f is
expressible as

f(x,y) = ( x(1+p(x,y)), y(1—1(xy)) > (1)

for (x,y) € R? and

(p(va) = 30X2 + aixy + 32)/2 + 0 (’(X7y)’3) 3
Tﬂ(’@)’) = bOX2 + blxy + b2y2 + 0 (‘(X7y)’3) )

where |(x,y)| :== \/x?+ y? for x,y € R.
Assume M = T2, f : T2 — T2 is almost Anosov with
singular set S = {0}, and that Dfy = Id.
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Almost Anosov Conjugacy of Almost Anoser

Diffeomorphisms
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Almost Anosov

Assumption: There are constants ry and ri, with Maps
0 < ryg < rp for which the aImoEt Anosov map f : T2 — T2 is
equal to a linear Anosov map f : T2 — T? outside of B,,(0),
and within B,(0), f has the form (1).

Theorem (V.)

A nondegenerate almost Anosov diffeomorphism
f : T2 — T? satisfying the above assumption is topologically
conjugate to an Anosov diffeomorphism.

Corollary

Almost Anosov diffeomorphisms admit Markov partitions of
arbitrarily small diameter.




Young diffeomorphisms: stable and unstable discs

An embedded C! disc ¥ C M is an unstable (resp. stable)
disc if for all x,y € ~, we have d (f~"x,f~"y) — 0 (resp.
d(f"x,f"y) — 0) as n — +o0.

Definition

A collection of embedded C! discs 'Y = {y“} is a continuous
family of unstable discs if there is a homeomorphism

¢ K*x DY — |Jv", where K* C M is a Borel subset and
DY c RY is the unit disc for some d < dim M, satisfying:

» yY =& ({x} x D") is an unstable disc;
> x — @[, pu is a continuous map from K* to the

space of C! embeddings of DV into M that can be
extended to a continuous map of Ks.

Continuous families of stable discs are defined similarly.
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Young diffeomorphisms: hyperbolic product
structure

Definition

A set A C M has hyperbolic product structure if there exists
a continuous family ' = {y“} of unstable discs, and a
continuous family of stable discs '* = {7°} such that

> dim~° +dim~Y = dim M;
> the Y discs intersect the «° discs at exactly one point

transversally, with an angle uniformly bounded away
from O;

> A= (U~r)n(U~).
A subset Ag C A is an s-subset if it has hyperbolic product
structure and is defined by the same family I'" of unstable
discs as A, and a continuous subfamily of stable discs
I3 € I°. A u-subset is defined similarly.
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Young diffeomorphisms: definition of Almost Anoses

Diffeomorphisms

A map f: M — M is a Young diffeomorphism if:

Dominic Veconi

1. There exists A C M with hyperbolic product structure,
a countable collection of continuous subfamilies ¥ C I'®
of stable discs, and positive integers 7, i > 0, such that REEERCIEE
the s-subsets

A= GnA)cA (2)
~ers

are pairwise disjoint and satisfy
» invariance: for every x € A3,

F7 (7 () C” (F7 (), 7 (7"(x)) 2+ (F7(x))

» Markov property: NY := f7i(A) is a u-subset of A such
that

P (F(0) NAY) = 7760 N A
() AT = 7 (F() N A




Young diffeomorphisms: definition

2. For every v“ € 'Y, the leaf volume (1, on Y satisfies

f (Y OA) >0, i <</\\U/\7) mu) — 0.

3. For x € A?, define 7(x) = 7; to be the inducing time,
and the induced map F : {J;cy A; — A by Flas = 7[ps.
Then there is 0 < a < 1 s.t. for any i € N, we have:

» For x € Af, y € v*(x),

d(F(x), F(y)) < ad(x,y);
» For x € Af, y e v¥(x) N A3,

d(x,y) < ad(F(x), F(y))-
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Young diffeomorphisms: definition of Almost Anoses

Diffeomorphisms

4. (Bounded estimates of distortion) Denote the subspace Dominic Veconi

EY(F¥x) 1= T, £* (7"(x)) = DEF Ty (),

Young Towers

and let JYF(x) = det !DF\EXU . There exists ¢ > 0 and

k € (0,1) such that:
» Foralln>0, xe F" (Uigl /\f) and y € v*(x), we
have

n

® JF(F(y)

» For any iy,...,in €N, FX(x), Fk(y) € A; for
0<k<nandy € ~“(x), we have

og 2ELE(0)

< ckk.

JUF(F"*(x))
o (e

5. There exists v € 'Y such that
Do Tikye (N N yY) = f'y” T d iy < 00.
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Equilibrium states and geometric potentials o Aozt ooz

Diffeomorphisms
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Definition
Given a continuous potential function ¢ : M — R, a
probability measure 1, on M is an equilibrium measure for ¢

f Thermodynamics
| of Young Towers

Pe() = o, (F) + /M o diy,

where hy,(f) is the metric entropy of (M, f) with respect to
e, and Pr(¢p) is the topological pressure of ; that is,
P¢(¢) is the supremum of h,(f)+ [,, v du over all
f-invariant probability measures p.

We consider equilibrium states of the geometric t-potential

ot(x) = —tlog |Df|Eu(X)|.

We denote pi; := fiy, .
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Decay of correlations and CLT o Aozt ooz

Diffeomorphisms

Definition Dominic Veconi
The map f has exponential decay of correlations with respect
to a measure € M(f, M) and a class of functions H on M
if there exists k € (0,1) such that for any hy, hy € H,

Thermodynamics
of Young Towers

‘/(hlof")hgdu - /hld,u/hzdu‘ < Ck"
for some C = C(hy, hp) > 0. Furthermore, f satisfies the

Central Limit Theorem (CLT) if for any h € H that is not a
coboundary (ie. h# b of — h'), there exists o > 0 such that

nlij;ou{\}ﬁn_l (h(fi(x))—/hdu) < t}
=0

1 o
= e T /2 dr,
oV21 J -

1




Thermodynamics of Young's diffeomorphisms of Almost Anoses

Diffeomorphisms

Recall that an SRB measure is a probability measure with
positive Lyapunov exponents almost everywhere, and which
has absolutely continuous conditional measures on unstable
leaves.

Dominic Veconi

Thermodynamics

Theorem (Pesin, Senti, Zhang 2016) of Young Towers

Let f : M — M be a C*¢ Young diffeomorphism of a
compact Riemannian manifold M. Assume the inducing time
T is a first return time to \. Then the following hold:

1. There is a unique equilibrium measure 1 for the
potential p1, which is the unique SRB measure.

2. Suppose for some C >0 and h € (0, h,,(f)), we have
S, < Ce™ where S, is the number of stable sets A?
with inducing time 7; = n. Then there is ty < 0 s.t. for
every t € (to, 1), there is a measure ji; € ./\/l(f Y),
where Y := {fK(x) : x e UA;, 0 < k < 7(x) — 1},
which is a unique equilibrium measure for ;.
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Thermodynamics of Young diffeomoprhisms o Aozt ooz

Diffeomorphisms
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Theorem (continued)

3. Suppose gecd(7;) = 1, and that there is K > 0 such that
for every i > 0, every x,y € N, and 0 < j <7, AR

d (F(x), F(y)) < Kmax{d(x,y),d(F(x), F(y))}.

Then for every t € (to, 1), the measure i+ has
exponential decay of correlations and satisfies the CLT
with respect to a class of functions H which contains all

Hélder continuous functions on M.

Theorem (Shahidi, Zelerowicz 2018)
If the induced map is mixing, then the system is additionally
Bernoulli.




Main result

Theorem (V.)

Given an almost Anosov map f : T? — T? satisfying
preceding assumption, the following statements hold.:

1. Thereis a ty < 0 so that for any t € (to,1), there is a
unique equilibrium measure p; associated to ;. This
equilibrium measure has exponential decay of
correlations and satisfies the central limit theorem with
respect to a class of functions containing all Holder
continuous functions on T?. The map is mixing with
respect to ¢, and hence Bernoulli.

2. For t =1, there are two equilibrium measures
associated to 1. the Dirac measure §y centered at the
origin, and a unique invariant SRB measure . If f is
Lebesgue-area preserving, this SRB measure coincides
with Lebesgue measure.

3. Fort > 1, &g is the unique equilibrium measure
associated to ;.
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Proof outline |

Step 1: Construct Young tower.

Let P be an element of the Markov partition for (M, f), and
let 7(x) be the first return time of x to P. For x € P,
denote v°(x) and v“(x) respectively to be the connected
component of the intersection of the stable and unstable
leaves with P. For x with 7(x) < oo, define:

M= U v

yeU“(x)\A(x)

where UY(x) € 3%(x) is an interval containing x, open in
the induced topology of 3(x), and A(x) C U¥(x) is the set
of points that either lie on the boundary of the Markov
partition, or never return to P.
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Proof outline 1l

Theorem (V.)

The collection of sets {\°(x)} forms a countable collection
{A;} of s-sets satisfying conditions (Y1) - (Y5), making
f: M — M a Young's diffeomorphism with tower base

v

v

v

v

A= G/\Ts
i=1

(Y1) follows from conjugacy to Anosov systems.
(Y2) deals with measure-0 events and is easy to show.

(Y3) follows because points on stable (resp. unstable)
leaves do not expand (resp. contract) in the
neighborhood of the singularity.

(Y5) follows from Kac's theorem since 7 is a first-return
time.
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Proof outline Il

Condition (Y4) (bounded estimates of distortion) follows
from the following result:

Theorem (Hu 2000)

There exists a constant | > 0 and 6 € (0, 1) such that if
v C f(Br(0))\ B,(0) is a W*-segment (that is v is a
subset of a stable leaf, and is homeomorphic to an open
interval in the induced topology), and if f'(v) C B, (0) for

i=1,...,n—1, then for every x,y € v,
| DF | v |
|Og7 S /dU(ny)G’ (3)
‘ | D"l euqy)|

where d“(x,y) is the induced Riemannian distance from x to
y in the stable leaf ~.

Now it's a straightforward calculation.
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Proof outline IV

All that's left to show is
Spi=#{N\5 7, =n} < CeM
This follows from properties of the conjugate Anosov system

f: T2 — T2 and the conjugacy, since htop(f) hm(F),
where m is Lebesgue measure, and observation that

‘/log]DﬂEu‘ dm —log \| <

for r; sufficiently small.
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